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THREE-DIMENSIONAL STRESS CONCENTRATION 
AROUND A CYLINDRICAL HOLE IN A 

SEMI-INFINITE ELASTIC BODY 

by 

Carl K. Youngdahl and Eli Sternberg 

ABSTRACT 

We present a three-dimensional solution, exact with­
in c lass ical elastostat ics , for the s t r e s ses and deformations 
arising inahal f -space with a semi-infinite t r ansve r se cylin­
dr ical hole; if the body--at infinite distances from its cylin­
dr ical boundary-- is subjected to an arbi t rary , uniform plane 
field of s t r ess that is paral lel to the bounding plane. The 
solution in integral form was deduced with the aid of the 
Papkovich s t r e s s functions by means of an especially adapted, 
unconventional, in tegral - t ransform technique. Numerical 
resul ts for the nonvanishing s t resses along the boundary of 
the hole and for the normal displacement at the plane bounda­
ry, corresponding to several values of Poisson 's ratio, are 
also included. These results exhibit in detail the th ree -
dimensional s t r ess boundary layer that emerges near the 
edges of the hole in the analogous problem for a plate of fi­
nite thickness, as the ratio of the plate thickness to the di­
ameter of the hole grows beyond bounds. The resul ts obtained 
i l lustrate the limitations inherent in the two-dimensional 
plane-strain t reatment of the spatial plane problem; in addi­
tion, they are relevant to failure considerations and are of 
interest in connection with experimental s t r ess analysis. 

I. THEORETICAL ANALYSIS 

A. Introduction 

The exact solution of three-dimensional elasticity problems is 
usually difficult, par t icular ly when s t r e s s concentrations due to georaetric, 
mater ia l , or load discontinuities are involved. Unfortunately, approximate 
formulations or methods of solution blur or omit completely the effect of 
the s t ress concentration. 

The half-space problem solved here falls into the general category 
of plane problems in elasticity. An extensive l i tera ture exists concerning 
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the formulation of two-dimensional approximate theories and the mathe­
matical techniques devised to obtain solutions to the associated problems.* 
However, without exact solutions for comparison, there is no way of de­
termining the accuracy, and thereby the limitations, of the approximate 
two-dimensional theories and solutions. With reference to the part icular 
problem discussed here , the approximate plane solutions give meaningful 
resul ts for the s t r e s s states at points remote from the edge created by the 
intersection of the hole and the surface of the half-space, but their accuracy 
decreases as the edge is approached. For example, the three-dimensional 
solution obtained in this report predicts a large shearing s t ress just be­
neath the plane surface; this is completely missed by the associated two-
dimensional approximate solution. 

Various schemes for treating the three-dimensional aspects of the 
plane problem are given in Refs. 3-5. The particular problem of the s t r e s s 
concentration around a t ransverse circular hole in an infinite plate under 
uniform loads at infinity is discussed in Refs. 6-9- These treatments a re 
based on the plate thickness to hole diameter ratio being a relatively small 
number; as the ratio approaches infinity, the s t ress-concentrat ion effect 
becomes progressively more pronounced and localized near the surfaces 
of the plate, necessitating a separate approach and leading to the formula­
tion of the problem discussed in this report . The solution for the axially 
symmetr ic problem of the half-space with a t ransverse cylindrical hole 
loaded by a uniform band of p ressure applied at the entrance of the hole is 
presented in Refs. 10 and 11; the method of solution of the problem is s imi­
lar to that employed here, the main differences being due to the problem 
discussed in this report not being axially symmetr ic . 

It may be well to mention some of the stumbling blocks that make 
the solution of the problem difficult. 1) Since an exact three-dimensional 
solution is desired, the specialized mathematical approaches involving the 
use of conformal mapping, complex variables, or potential functions de­
veloped for the solution of problems in the plane approximate theories can­
not be used. 2) The problem is not axially symmetr ic; hence the simpli­
fications inherent in this symmetry and the techniques developed to take 
advantage of them cannot be made use of here . 3) Standard transformation 
methods are not applicable. 

An a rb i t ra ry unifornn plane state of s t ress can be expressed as the 
sum of a plane hydrostatic state of s t ress and a plane state of pure shear ­
ing s t r e s s . The elasticity problems for the half-space with a hole acted upon 
by each of these component plane s t ress states at infinity can be solved sepa­
rately. Since we are working within the framework of linear elasticity, the 

•See Refs. 1 and 2 for extensive bibliographies on three-dimensional s t r e s s 
concentrations and the plane problem, respectively. 
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resul ts , properly weighted, can then be superimposed to give the solutions 
corresponding to an arb i t ra ry uniform plane s t ress state, paral le l to the 
bounding plane, at points remote from the hole. The solution for the plane 
hydrostatic state of s t ress at infinity can be obtained quite easily; in fact, 
the plane s t r e s s solution is, in this case, not an approximation, but the 
exact solution. Consequently, the solution of the problem for the plane 
state of pure shear at infinity is the principal objective of this work. It is 
conveniently formulated as the sum of the known plane-s t ra in solution and 
the solution to the residual problem. The plane-s t ra in solution, which vio­
lates the boundary conditions on the plane surface of the half-space but 
satisfies the boundary conditions on the hole and the governing differential 
equations, is a good approximation for the s t ress state at points remote 
from the bounding plane. Consequently, the solution to the residual prob­
lem gives the deviation of the plane-strain solution from the exact solution 
as the surface of the half-space is approached. The solution of the pure 
shear problem thus supplies two important types of information; l) it shows 
what the exact s t r ess distribution is near the surface of the half-space, and 
in part icular , the distribution near the edge where the hole in tersects the 
surface; and 2) it shows how far it is necessary to be from this surface for 
the plane-s t ra in solution to be a useful approximation. 

Numerical results are presented for the exact three-dimensional 
solution of the pure shear problem. In addition, these are added to the 
simple solution to the plane hydrostatic problem in such a way as to give 
the exact solution for the problem of uniform uniaxial tension at infinity, 
since this is probably the loading of most engineering interest . In other 
words, the s t ress-concentra t ion effect of a hole in a thick plate being pulled 
in one direction is determined. The s t ress states at and near the edge are 
found to be strongly dependent on the Poisson's ratio of the elastic mater ia l , 
which is of part icular significance for photoelastic work, where experiments 
must usually be performed with mater ia ls of Poisson 's ratios different than 
those of common s t ructural mater ia l s . 

In Par t I of this report, the elasticity problem is formulated for the 
half-space with a t r ansverse hole, acted on, at points remote from the hole, 
by an a rb i t ra ry uniform plane field of s t r ess paral lel to the plane surface. 
This problem is broken up into component problems, corresponding to a 
plane hydrostatic state and a plane state of pure shear at infinity. The ele­
mentary solutions for the plane hydrostatic problem and the p lane-s t ra in 
solution associated with the pure shear problem are then presented. 

The theoret ical solution of the residual problem of pure shear, which 
comprises the bulk of the effort reported here, is developed next. The 
residual problem is formulated in t e rms of the Papkovich s t r e s s functions, 
specialized to provide the proper angular variation for the pure shear state. 
It is interesting to note that three s t ress functions are needed to provide a 
complete solution for this problem, as contrasted to axially symmetr ic 
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p r o b l e m s for wh ich it is known tha t only two a r e r e q u i r e d . P s e u d o -
t r a n s f o r m t e c h n i q u e s a r e then e m p l o y e d . * In e s s e n c e , g e n e r a l so lu t i ons 
a r e c o n s t r u c t e d to the p a r t i a l d i f f e ren t i a l equa t ions for t he s t r e s s func ions 
which a r e not ob ta inab le by t r a n s f o r m m e t h o d s or s e p a r a t i o n of v a r i a b l e s . 
T h e s e so lu t ions a r e of such a f o r m that , upon subs t i t u t i on in to the b o u n d a r y 
cond i t i ons , t hey yie ld r e l a t i o n s which have the s a m e s t r u c t u r e as the t r a n s ­
f o r m e d b o u n d a r y condi t ions obta ined f r o m the app l i ca t i on of t r a n s f o r m a t i o n 
m e t h o d s in o the r f i e lds . F r o m th i s point on, the u s u a l t r a n s f o r m t e c h m q u e s 
can be employed . F o u r i e r s ine and cos ine t r a n s f o r m s a r e t a k e n wi th r e s p e c t 
to the c o o r d i n a t e m e a s u r e d along the axis of the ho le . A t r a n s f o r m a t i o n 
b a s e d on a r e l a t i o n s i m i l a r to that p r o v e d in W e b e r ' s I n t e g r a l T h e o r e m is 
de r ived ; one i n t e g r a l in the c o r r e s p o n d i n g p a i r of t r a n s f o r m r e l a t i o n s h a s 
l i m i t s of one and infinity, and is t h e r e f o r e su i tab le for the t r a n s f o r m a t i o n 
in the r a d i a l d i r e c t i o n . The app l ica t ion of t h e s e p s e u d o - t r a n s f o r m m e t h o d s 
r e s u l t s in a s ing le i n t e g r a l equat ion, which is so lved n u m e r i c a l l y wi th a 
d ig i ta l c o m p u t e r . The final e x p r e s s i o n s for the s t r e s s e s and d i s p l a c e m e n t s 
a r e i n t e g r a l s whose i n t e g r a n d s involve known funct ions and the funct ion 
which is the solut ion of the i n t e g r a l equat ion. 

The n u m e r i c a l solut ion of the i n t e g r a l equat ion , the n u m e r i c a l c h e c k 
of the bounda ry condi t ions , and the ca l cu l a t i on of the d e s i r e d s t r e s s d i s t r i ­
bu t ions is r e p o r t e d in P a r t II. Unfor tunate ly , the c a l c u l a t i o n of the r e q u i r e d 
i n t e g r a l s is not a m e n a b l e to s t r a i g h t f o r w a r d n u m e r i c a l i n t e g r a t i o n m e t h o d s . 
Th i s n e c e s s i t a t e s the r e f o r m u l a t i o n of the i n t e g r a l r e p r e s e n t a t i o n s . In 
g e n e r a l , functions a r e d e t e r m i n e d which can be i n t e g r a t e d in c l o s e d f o r m 
and have the s a m e a sympto t i c behav io r as the i n t e g r a n d s of the d e s i r e d 
i n t e g r a l s . The d i f fe rences be tween the c o r r e s p o n d i n g p a i r s of i n t e g r a n d s 
and funct ions a r e then found to be n u m e r i c a l l y i n t e g r a b l e wi th in a p p r o p r i a t e 
l i m i t s of a c c u r a c y . The d e t e r m i n a t i o n of t h e s e funct ions n e c e s s i t a t e s ex ­
t e n s i v e inves t iga t ion of the i n t e g r a n d s of the o r i g i n a l i n t e g r a l r e p r e s e n t a t i o n 
and p robab ly as m u c h or m o r e effort as the e n t i r e t h e o r e t i c a l so lu t i on of 
the p r o b l e m . 

Appendix A s u m m a r i z e s p r o p e r t i e s of the B e s s e l func t ions and r e ­
la ted functions which w e r e u s e d in the so lu t ion of the p r o b l e m . In Appendix B 
a r e d e r i v e d n u m e r o u s a sympto t i c expans ions needed in the n u n i e r i c a l a n a l y ­
s i s of the solut ion. The proof of the modif ied f o r m of W e b e r ' s I n t e g r a l 
T h e o r e m is d i s c u s s e d in Appendix C. Appendix D c o n t a i n s the c o m p u t e r 
p r o g r a m s which w e r e w r i t t e n to a c c o m p l i s h the d e s i r e d n u m e r i c a l 
c a l c u l a t i o n s . 

*The bounda ry condi t ions of the p r o b l e m e x p r e s s e d in t e rnns of the s t r e s s 
funct ions cannot be t r a n s f o r m e d , so o r d i n a r y t r a n s f o r m m e t h o d s cannot 
be u s e d . 

**See Ref. 13, p . 468, and Appendix C. 
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B . S t a t e m e n t of t he G e n e r a l P r o b l e m 

C o n s i d e r t he C a r t e s i a n s y s t e m of c o o r d i n a t e s Xj, Xj, and X3. L e t 
the h a l f - s p a c e X3 a 0 be occup ied by a h o m o g e n e o u s , i s o t r o p i c , e l a s t i c 
m a t e r i a l hav ing s h e a r m o d u l u s jU and P o i s s o n ' s r a t i o V. T h i s body i s in 
a s t a t e of u n i f o r m p lane s t r e s s p a r a l l e l to the b o u n d a r y X3 = 0 and o r i e n t e d 
s u c h tha t Xi and X2 a r e p r i n c i p a l a x e s . In o t h e r w o r d s , if we deno te the 
c o m p o n e n t s of the c o r r e s p o n d i n g C a r t e s i a n s t r e s s t e n s o r by T^j, i , j = 
1, 2, 3, t h e n 

T , = 0; 

^33 = ^32 = ^31 - ^ ^°''^ ^ 3 

w h e r e Tj and T^ a r e c o n s t a n t s . 

0, (1) 

C o n s i d e r now the d i s t u r b a n c e of t h i s u n i f o r m s t r e s s f ie ld c a u s e d by 
the p r e s e n c e of a c i r c u l a r ho l e of r a d i u s a w h o s e ax i s c o i n c i d e s wi th t he 
X3 a x i s ( s e e F i g . l ) . The s t r e s s s t a t e g iven by E q s . ( l ) w i l l hold a s r g o e s 

to inf ini ty, but we m u s t now a l s o i m ­
p o s e the b o u n d a r y cond i t i ons 

Fig. 1. Half-space with a Hole, 
in a State of Plane Stress 

a, z a 0; 

= ^ r z = 0 

(2) 

on z = 0, r a a, (3) 

w h e r e T_ e t c . ' r r ' 'xB' ^"^' ^^^ ' ^ ^ c o m ­
ponen t s of the s t r e s s t e n s o r in c y l i n ­
d r i c a l c o o r d i n a t e s r, S, and z. The 
so lu t ion of the p r o b l e m is c o n v e n i e n t l y 
e x p r e s s e d a s the s u m of the s o l u t i o n s 
for two b a s i c l oad ings a t inf ini ty , 
n a m e l y , a p l ane h y d r o s t a t i c s t a t e of 
s t r e s s and a p l ane s t a t e of p u r e 
s h e a r i n g s t r e s s . The p lane h y d r o ­
s t a t i c s t a t e of s t r e s s at inf ini ty i s 
c h a r a c t e r i z e d by 

> 0; 

(4) 

the p lane s t a t e of p u r e s h e a r a t inf ini ty 
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i s c h a r a c t e r i z e d by 

at r = to, z a 0. . Tu = -^22 = ^ s ; 1̂2 = ° ' 1 

T33 = T32 = T31 = 0 J 

The so lu t ion to the g e n e r a l p r o b l e m c o r r e s p o n d i n g to ''^l'^°''^^;2e'°^oLms 
t ions (1), (2). and (3) i s then equa l to the s u m of the ^ " ^ ^ s ) V n d (5 (2) M 
c o r r e s p o n d i n g to the s e t s of b o u n d a r y condi t ions (4), (2), (3) and (5), U^, KV 

The field equa t ions which m u s t be sa t i s f i ed by a so lu t ion to an e l a s ­
t i c i t y p r o b l e m a r e the equa t ions of e q u i l i b r i u m (for z e r o body fo rces^ 

and the s t r e s s - d i s p l a c e m e n t r e l a t i o n s 

(8) 
"ij = ' ^ ( T ^ V k , k + - i , j + " J . i ) ' 

w h e r e u- a r e the componen t s of the d i s p l a c e m e n t v e c t o r and 6^^ is the 
K r o n e c k e r de l t a . S u b s c r i p t s take on the v a l u e s 1, 2, and 3; r e p e a t e d s u b ­
s c r i p t s a r e to be s u m m e d over ; and c o m m a s denote d i f f e r en t i a t i on in the 

Su, 
s e n s e u- • = • ^ ^ . Subs t i tu t ion of E q s . (8) into E q s . (7) y i e l d s the equi 

i.J ox-
l i b r i u m r e l a t i o n s in t e r m s of the d i s p l a c e m e n t c o m p o n e n t s : 

( l - 2 ^ ) - i . j J + - J , J ^ 
0. (9) 

The solut ion of E q s . (8) and (9) which s a t i s f i e s the b o u n d a r y con ­
di t ions c o r r e s p o n d i n g to the p lane h y d r o s t a t i c s t a t e of s t r e s s at inf ini ty 
is e l e m e n t a r y in f o r m and i s , in fact , exac t ly the a s s o c i a t e d p l a n e - s t r e s s 
solut ion for th i s p r o b l e m . The so lu t ion for the p lane s t a t e of p u r e s h e a r 
at infinity i s , however , m u c h m o r e difficult to obta in . An a p p r o x i m a t i o n to 
th i s so lu t ion which is good at l a r g e d i s t a n c e s f r o m the p lane z = 0 i s the 
c o r r e s p o n d i n g p l a n e - s t r a i n solut ion. The d i f f e rence b e t w e e n th i s a p p r o x i ­
m a t e so lu t ion and the exact solut ion wi l l be c a l l e d the so lu t ion to the r e s i d u a l 
p r o b l e m and is the subject of the m a j o r p a r t of t h i s p a p e r . The P a p k o v i c h 
s t r e s s functions a r e used to obtain th i s so lut ion; for the s a k e of u n i f o r m i t y 
the a fo remen t ioned we l l -known p l a n e - s t r e s s and p l a n e - s t r a i n s o l u t i o n s wi l l 
a l so be e s t a b l i s h e d by m e a n s of t h e s e s t r e s s func t ions . 

C. Papkov ich S t r e s s Func t ions 

The g e n e r a l solut ion of E q s . (9) can be e x p r e s s e d in the f o r m 

2juu- = ((t + Xj^jl^i - 2a\, (10) 
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where the Papkovich s t ress functions <i>, Yj, ¥2. and ^3 are harnaonic, i .e. , 

0 .. = ? . . . = 0, (11) 
.JJ i.U 

and a is defined by 

a = 2(1 -v). (12) 

The substitution of Eqs. (lO) into Eqs. (8) yields 

^ij = <t,ij - ( l - 2^ ) (* i , j + *j,i) +^k*k.ij - ^^^ij^)^,^- (13) 

so that the boundary conditions on the s t r e s se s can be expressed in t e r m s 
of the s t r e s s functions. The reason for introducing the Papkovich s t r e s s 
functions is that the original nine coupled part ial differential Eqs. (8) and 
(9) in the nine dependent variables uj and T̂ - are converted into four standard 
Laplace 's equations ( l l ) . Since much is known about the solutions to 
Laplace 's equation, a great deal has been accomplished toward systema­
tizing the solution of the problem. On the other hand, the boundary con­
ditions, which were simple before [Eqs. (2), (3), and (5), for example], now 
become coupled part ia l differential equations when expressed in t e r m s of 
the s t r e s s functions [see Eqs. (13)]. 

Referred to the cylindrical coordinates Eqs. (lO) become 

2^Ur = -^{<t>+T'i!i cos e + r*2 s inS + zYj) - 2a('i'i cos 9 + ¥2 sin 9); 
Or 

2Mug = — ^ ( O + r^'i cos 6+ r*2 sin 9 + z^j) - 2a(-*i s in9 + ̂ 2 cos 9); 
r o9 

2f.iUz = ^ - ( O + r ^ i cos9 + r'?2 s in9 + z?'3) - 2a?3. (14) 
oz 

In cylindrical coordinates the boundary conditions for the problem 
of the plane hydrostatic state of s t r ess at infinity are , by Eqs. (2), (3), and(4), 

a, z a 0; 

0, r a a; 

at r = 00, z > 0, 
(15) 

r r 

zz 

H 
T r r 

zz 

rz 

^9z 

H 

^9z 

- ^re -

rz 

= '^H' 

._ ^H ._ 
rz 

= 0 

= 0 

're 

= 0 

on r 

on z 

= 0; 
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w h e r e the s u p e r s c r i p t H h a s b e e n u s e d to ident ify th i s so lu t ion . B e c a u s e 
of the g e o m e t r y of the body and the n a t u r e of the b o u n d a r y cond i t i ons (15 ; , 
it i s obvious that the p r o b l e m is ax ia l ly s y m m e t r i c . F o r such p r o b l e m s 
it h a s been p roven '^* that ^, and ^2 m a y be se t equa l to z e r o , and $ and Y3 
t a k e n to be independent of 9 without l o s s of c o m p l e t e n e s s . T h e r e f o r e , for 
the h y d r o s t a t i c p r o b l e m we wil l t ake 

<I>(r, 9 , z ) = a V H 0 " ( p , d ; 

¥i(r, 9, z) = *2(i-, e, z) = 0; 

*3(r, e , z ) = aTH*H(p,(;) . ^^^^ 

w h e r e the d i m e n s i o n l e s s c o o r d i n a t e s 

p = r / a ; C ^ z / a ( l ^ ) 

have been in t roduced , and 0H and ^H a r e a l so d i m e n s i o n l e s s . The so lu t ion 
to E q s . (11) and (I6) for the bounda ry condi t ions d e r i v e d f r o m E q s . (15), 
(13), and (16) is r e a d i l y found to be 

*" = | ^ ( ? - ^^ -̂  ̂^ '̂ " 1 + v' 
(18) 

The d i s p l a c e m e n t s and s t r e s s e s c o r r e s p o n d i n g to E q s . (18) a r e , by 
E q s . (14), (13), and (16), 

2MU« 

a T j ^ 

rr 

^H 

H 

•̂ H 

zz 

rz 

A ( 0 H , , , H , . ^ , , i ^ 

A(^H,^^H) .2„^H = - J ^ C ; 

^ ( 0 H + C v " ) - 2 ^ ^ * " = 1 - ' ; 
bp' dC P' 

l A ( 0 H K - ^ H ) - 2 v ^ = l . i - , 
p ap sc p^ 

^0H+( ;V '" ) - 2(2-v)^^" = 0; 

^' ( 0 H K V ' " ) - a ^ f = 0; u H = x H = T^fl = 0 . ( 1 9 ) 

* Superscript numbers in the text designate references listed at the end of the report. 
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In c y l i n d r i c a l c o o r d i n a t e s the b o u n d a r y cond i t i ons for t he p r o b l e m 
of the p l ane s t a t e of p u r e s h e a r at inf ini ty a r e , f r o m E q s . (2), (3), and (5), 

a, z a 0; 

0, r > a; 

= -To s in 20; 

rr 

zz 

rr 

rL 

^ 

= 

= 

= 

T S = rz 

^9z 

' ee 

^ez -

s 
^rS 
T S 
rz 

= ^S 

rz 

= 

= 

0 

0 

cos 

= 0 

29 r 9 
at r = °o, z a 0, 

(20) 

w h e r e the s u p e r s c r i p t S h a s b e e n u s e d to ident i fy th i s so lu t ion . S ince 9 
a p p e a r s e x p l i c i t l y in t h e s e b o u n d a r y c o n d i t i o n s , it i s c l e a r t ha t the p r o b l e m 
is not a x i a l l y s y m m e t r i c . On the o the r hand, the a n g u l a r v a r i a t i o n is qu i te 
s i m p l e ; Uj. and Uz a r e p r o p o r t i o n a l to c o s 29 whi l e ug is p r o p o r t i o n a l to 
s in 29. P r e v i o u s a t t e m p t s to so lve t h i s p r o b l e m h a v e e s s e n t i a l l y invo lved 
t ak ing ?i and ¥2 e q u a l to z e r o , and 0 and ¥3 p r o p o r t i o n a l to c o s 29, p r o ­
c e e d i n g a long l i nes a n a l o g o u s to the a x i a l l y s y m m e t r i c c a s e . T h i s d o e s 
i n d e e d p r o d u c e the d e s i r e d 9 v a r i a t i o n , but it c a n be shown by a c o u n t e r ­
e x a m p l e , n a m e l y , the p l a n e - s t r a i n so lu t ion to be d i s c u s s e d be low, t h a t t h i s 
p r o c e d u r e l a c k s suff ic ient g e n e r a l i t y . I n s t e a d , the s t r e s s funct ion Yy and Y2 
m u s t be c o m b i n e d in s u c h a w a y a s to p r o d u c e t he c o r r e c t 9 d e p e n d e n c e . 
On i n s p e c t i o n of E q s . ( l4 ) it i s s e e n tha t the p r o p e r a n g u l a r v a r i a t i o n w i l l 
be a c h i e v e d if 

<I>(r, e, z) = a V s 0 ^ ( p , 0 c o s 29; 

* i ( r , 9, z) = aTgX^(p, 0 cos 9; 

'i'2(r, 9, z) = - aTsXS(p , (;) s in 0; 

Y3(r, 9, z) = a.Tgii^p,0 cos 2( 

E q u a t i o n s (14) t h e n b e c o m e 

_S 

- ( 0 ^ + pX^ + C^^) - 2aX^ 

(21) 

2 M U I 
cos 26 

2MUf 

2MU-

- (0S + pXS + (;^S) + 2aXS 

- ( 0 ^ + p X ^ + ( : ^ ^ ) - 2a-ii^ 

s in 29; 

cos 29. (22) 

The s t r e s s e s a r e e x p r e s s e d in t e r m s of t h e s e s t r e s s func t ions by s u b s t i ­
tu t ing E q s . (22) in to t he s t r e s s - d i s p l a c e m e n t r e l a t i o n s in c y l i n d r i c a l c o -



zz 

•^s 

^ r 9 

^S 

"^S 

T S rz 

\ P ^p p^I ^ SC dp 

^ ( 0 S + p x S + C*S) + ( a . 2 ) f ^ - — ) - (a+ 2) 
(̂•2 \ Sp P / 

xs 
+ (a + 2) ^ 

cos 29; 

Sp 
- ( 0 S + pXS + i;^S) 
P 

9^S 

. 1 A ( ^ S ; ,S ,^^S) ,^SXi^2a5!j 
p dc ac '^. 

dpSC 
(0S + pXS+^^^ ) axs 

ap 

s in 26 

sin 29; 

2 9 . (23) 

By m e a n s of E q s . (21) and ( l l ) we find that the d i f f e ren t i a l equa t i ons 
which the functions 0^, X^, and ^S m u s t sa t i s fy a r e 

= VfX 2 Y S V^V^ (24) 

v/here 

^^ ~ bp' ^ p hp s c ' 
(25) 

Thus the so lu t ion of the p r o b l e m for the p lane s t a t e of p u r e s h e a r at inf ini ty 
wi l l be obta ined if we can find 0^, X^, and if/^ such that E q s . (24) a r e s a t i s f i ed 
subjec t to the bounda ry condi t ions de r ived f r o m E q s . (20) and (23). 

To s impl i fy the p r o b l e m somewhat , we wi l l w o r k with the r e s i d u a l 
p r o b l e m c r e a t e d by s u b t r a c t i n g the p l a n e - s t r a i n so lu t ion* a s s o c i a t e d wi th 
the p u r e s h e a r p r o b l e m f r o m the exact solut ion to the p u r e s h e a r p r o b l e m . 
To th is end, c o n s i d e r 

K''^?} • i / p f^ = 0. (26) 

It i s e a s i l y ve r i f i ed that E q s . (26) sa t i s fy Eqe . (24). The s u b s t i t u t i o n of 
E q s . (26) into E q s . (22) and (23) y ie lds 

*The a s s o c i a t e d p l a n e - s t r a i n so lu t ion s a t i s f i e s the field equa t i ons and the 
bounda ry condi t ions on r = a, but, in g e n e r a l , not a l l of the b o u n d a r y 
condi t ions on z = 0. 
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, P 

P + • 
2a — ) c o s 29; 

pV 

2 ;m^ 

'S 

r P 
r r 

_p 

2 ( a - 1) 1 
p + -^ + — 
^ P p' 

1 + 

s in 29; 

) co s 29; 

7) c o s 29; 

zz _ 2(a - 2) 

T 

COS 2 9 ; 

2 3 \ 
, 1 + — sin 26 

^S V p^ p ^ l 
T^ = 0. r z (27) 

I n s p e c t i o n of E q s . (27) shows tha t t h i s i s a p l a n e - s t r a i n so lu t ion , and c o m ­
p a r i s o n wi th E q s . (20) r e v e a l s t ha t it is the p l a n e - s t r a i n so lu t i on a s s o c i a t e d 
wi th t he p r o b l e m u n d e r d i s c u s s i o n . Indeed , we s ee tha t E q s . (27) sa t i s fy a l l 
the b o u n d a r y cond i t i ons (20) e x c e p t * T^ = 0 on z = 0 s i n c e T P = 
2(a - 2) T. SP c o s 29 for a l l v a l u e s of z. 

C o n s i d e r now the r e s i d u a l p r o b l e m , iden t i f i ed by a s u p e r s c r i p t R, 
ob t a ined by s u b t r a c t i n g the p l a n e - s t r a i n s t a t e g iven by E q s . (27) f r o m the 
t r u e so lu t ion , i . e . , le t 

I j . = u ^ - Uj . , 

r r 

/^R 

S P 
TT.^ - T , r r r r 

X R X^ - X-' f R = ,/,S tp^ - Tp^ (28) 

We c o n c l u d e tha t 0^-, X^ , and Tj/^ m u s t s a t i s fy E q s . (24) s u b j e c t to the 
b o u n d a r y c o n d i t i o n s 

* T h e p l a n e - s t r a i n s o l u t i o n s a t i s f i e s t h i s b o u n d a r y cond i t i on a l s o , and is 
t h e r e f o r e t he e x a c t so lu t i on t o t h e p u r e s h e a r p r o b l e m , if a = 2, i . e . , by 
E q . (12), if P o i s s o n ' s r a t i o i s z e r o . 
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TR = T«- = T rr rz r 
R = n on r = a, z a 0; (29) 

z z -2 
^(^-^) COS 29; r^ , - rf, - 0 on z = 0, r a a; (30) 

P' 

^R ^R _ .̂ R - T^^ = rg- = T^ = 0 at r = CO, z a 0, (31) 
T̂ rr = ^ee - ^zz - ^r9 ' 9z ' rz 

which can be expressed m terms of the stress functions through Eqs. (23). 

The solution to this residual problem added to the plane-strain solution (27) 

is then the exact solution to the pure shear problem. 

D. Construction of the Stress Functions for the Residual Problem 

Rather than superimposing the solutions of the differential equations 

in a trial-and-error fashion in the hope of fortuitously satisfying the bounda­

ry conditions, it would seem preferable to use the powerful tools of integral 

transform methods to solve the problem systematically. This approach 

seems particularly encouraging in that parts of the solutions to Eqs. (24) 

obtained by separation of variables are common transform kernels. Al­

though it turns out that integral transformations are not completely appli­

cable to the solution of this type of problem, some of their properties can 

still be used to advantage in dealing with the boundary conditions. 

It will be convenient to consider separately the mechanism for satis­

fying the boundary conditions on each of the two boundaries. To this end let 

0R = 01 + 02; XR = X, + X2; V^ = *i + V'2. (32) 

where the subscript 1 identifies the parts of the stress functions constructed 

to handle the boundary conditions (29) on the cylindrical surface and the 

subscript 2 identifies the parts constructed to handle the boundary condi­

tions (30) on the plane surface. 

1. Boundary Conditions on the Cylindrical Surface p = 1 

As ^ is the independent variable on the boundary p = 1, ex­

amination of Eqs. (24) suggests the use of Fourier transforms with respect 

to this variable. If the Fourier cosine transform is taken of 0i and Xi, and 

the Fourier sine transform of f,, this will insure that their contributions 
R R 

to T̂ 2 and Tg_ will be odd functions of t^ and hence zero at ^ = 0. Let 
/-co 

0 l ( p . 7 ) = / 0 i ( p , a C O S 7 C di;; 
"'o • 

A /-oo 

^ i ( p . 7 ) = / X.ip.O COS 7 ; : dC; 
"'0 

hip.y) = f°° flip. 0 sin yi: dt,. (33) 
Jo 



21 

Applying these t ransformations to Eqs. (24) we are led to familiar differ­
ential equations in p which have the solutions 

A 
01 = Mi(7)K2(7p); Xi = M2(7)Ki(7p); f^ = M^iy) K^iyp), (34) 

where Kĵ  are the modified Bessel functions of the second kind ' ' and Mj, 
M2, M3 are a rb i t ra ry functions. The modified Bessel functions of the first 
kind, In(7p). are also solutions, but have been discarded since they are un­
bounded as p -» 00. Unfortunately, however, the boundary conditions on 0i, 
Xi, and tpi deduced from Eqs. (23) and (29) cannot be t ransformed because 
of the ^^ t e rms which do not t ransform in t e rms of fi. 

In general, integral t ransforms are used for two reasons: 
(a) to simplify the solution of differential equations by reducing the number 
of independent variables , and (b) to easily incorporate the boundary condi­
tions into the solution. We have been able to take advantage of (a); by using 
the Four ier t ransform inversion theorem, and Eqs. (33) and (34), we find that 

r>CO 

01 = — j Mi(7) K2(7P) C0S7C d7; 
7T ; 

TT Jr. 

M2(7) Ki(7p) cos 7C dy; 

* , = — / M3(7) K2(7p) s in 7/; d7 . (35) 
'"Jo 

However, these solutions a re rather obvious because of the wealth of infor­
mation available on the solutions of Laplace 's equation. On the other hand, 
we have not been able to take advantage of (b), which is regret table , as this 
was the p r imary reason for using t ransform methods here . This is not 
surpris ing though, as it is well-known that the use of s t r e s s functions s im­
plifies the governing differential equations but complicates the boundary 
conditions. 

It would seem advisable not to use t ransforms to solve the dif­
ferential equations, but ra ther to use the available extensive information 
regarding the solutions to Eqs. (24) to make the boundary conditions ame­
nable to t ransform techniques. An examination of Eqs. (23) reveals that 
the t roublesome ^^ t e r m s always occur in the combination 0 + pX + CV'; 
moreover, 0 occurs only in this combination, never by itself. Can we 
therefore add something to 0 which is a solution to the f irs t of Eqs. (24) 
and which will give 0i + pXi + C î the appearance of an inverse t r ans fo rm? 
At the moment, from Eqs. (35), 



22 

r»00 

01 + pXi + C^i = | - / {[Mi(7) K2(7p) + M2(7) pKi(7p)] cos 7C 
- ' 0 

+ M3(7) K2(7p) C s i n 7 C } d 7 . (36) 

Indeed, t h e r e a r e solu t ions to E q s . (24) which a r e not ob ta inab le by s e p a r a ­
t ion of v a r i a b l e s or t r a n s f o r m m e t h o d s ; t h e s e can be found by t r i a l and 
e r r o r us ing the d i f fe ren t ia t ion and r e c u r s i o n r e l a t i o n s for the B e s s e l func­
t ions or by noting that if f i s h a r m o n i c , then x • Vf is a l s o h a r m o n i c . 
T h e r e f o r e , s ince K2(7p) cos 7C cos 29 is h a r m o n i c , 

(p A + t^ A)[K^{yp) cos yC. cos 29] = [ypK\{yp) cos 7^ - 7CK2(7P) sin 7? ] cos 29, 
V Sp dU (3^) 

•where 

dK2(x) 
Ki(x) 

dx 

is a l so h a r m o n i c ; m o r e o v e r , it is an even function of (;. Ins t ead of t ak ing 
0, as in E q s . (35), let us take it in the f o r m 

{Mi(7) K2(7p) cos 7C + M3(7)[pKi(7P) C0S7C - CK2(7P) s i n 7 C ] } d7. 

" (38) 

Then Eq. (36) wil l be r e p l a c e d by 

01 + pXi+ C*i = 4" I [^i(">') K2(7P) + M2(7) pK,(7p) + M3(7) pK2(7p)] cos 7C d7, 

•̂ ^ (39) 

which has the p r o p e r t r a n s f o r m fo rm. 

Inspec t ion of E q s . (23) r e v e a l s that a l l the bounda ry cond i t ions 
appl ied at p = 1 can be e x p r e s s e d in t e r m s of 0i + pX 1 + l^fi. Xi, and ^ , , 
eva lua ted at p = 1, which a l l have the p r o p e r t r a n s f o r m a p p e a r a n c e now. 
The t h r e e boundary condi t ions (29) wil l then lead to equa t ions of the f o r m 

Fi(C) - fi[Mi(7), M2(7), M3{7), 7] cos 7C ^7; 
Jo 

/• 00 

F^IO = / f2[Mi(7). M2(7), M3(7), 7] sin7C ^7; 
JQ 

f CO 

Y^['0 = j f3[Mi(7), M2(7), \A^[y). 7] cosy) ; d^, 
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where the functions Fj , F2, F3 are derived from the applied loading and the 
functions 02, X2, and ^2 used to handle the boundary conditions on the bounding 
plane, and fj, f2, and f3 are linear combinations of Mj, M2, and M3. F r o m the 
Four ier t ransform inversion theorem we have* 

i(ri) --^ f(7) ' ° ' ^ . ' ^ ' . ° ' f d7 dC (41) " -n / ' " s i n 7 ^ sm-nC 
.y0 ^ 0 

Therefore, multiplying each of Eqs. (40) by the appropriate tr igonometric 
function and integrating with respect to ^ from zero to infinity will remove 
f], f2, and fj from under the integral signs and result in three simultaneous 
algebraic equations for Mi, M2, and M3 in t e rms of the Four ier t ransforms 
of Fi, Fj , and F3. 

2. Boundary Conditions on the Plane Surface ^ = 0 

Since 0i, Xi,, and Vi have been constructed so that their contr i ­
butions to the s t r e s ses r^^ and TR^ are zero at ^ = 0, the functions 02, Xz. 
and V/2 should also be constructed so that their contributions to these s t r e s ses 
a re zero at ^ = 0. It is apparent from (27) that this will be accomplished if 

^ = ( a - l ) f e X2 = 0. (42) 

Perhaps the most obvious means of satisfying the remaining 
boundary condition, the condition on T^Z °f Eqs. (30), is to t ransform the 
differential equations (24) for 0 and f by the Hankel t ransform of order two. 
This leads to very simple differential equations in t, which have as their 
solutions e'^y^ and e""/?. Inversion then produces the s t r e s s functions;** 
by means of Eqs. (42), 

( 1 - a ) / 7 - ' M 4 ( 7 ) J2(7P) e'"''^ d7; X2 = 0; 
- ' 0 

M4(7) J2(7P) e'"^^ d7, (43) 

where J2 is the Bessel function of the first kind of order two. The boundary 
condition then becomes 

2 (2 -a ) X + F^ip) = / 7M4(7) J2(7P) d7, p a 1, (44) 

*See Ref. 14, p. 15. „ 
**The solution corresponding to e can be dropped because of its behavior 

as C -> «>. 
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where F4 results from the functions 0i, Xi, and f^ previously discussed. 

The Hankel t ransform inversion theorem can be written 

/* 00 / . CO 

i{r]) = f(7) 7PJm(7P) Jm(-np) "^y^P-
Jo Jo 

(45) 

In order to apply this we must multiply Eq. (44) by pJ2(ilP) and integrate 

with respect to p from zero to infinity. However, this is not a valid pro­

cedure since no boundary condition is prescribed for 0 £ p < 1 where there 

is no regional boundary. It follows that the Hankel transform cannot be 

used; what is needed is a transformation having a range of integration from 

one to infinity. We will therefore follow a procedure similar to that used 

by Blenkarn and Wilhoit.'" 

Consider Weber's Integral Theorem,** according to which a 

properly behaved function f can be given the following representation: 

/

OO y» CO 

j^ ypi{y)n"^{y.p)n°^{r,.p) dydp. (46) 

where 

Q^^ly.p) ^ Ym(7) Jm(7P) - Jm(7) Ym(7P) (4-?) 

and Y™ is the Bessel function of the second kind of order m. Note that the 
^ m 

integration with respect to p is from one to infinity and that Eq. (46) has 

the form of an inversion theorem for a transform with kernel H ^ . Since 

in this problem p a l , the function Yj^(7p) is quite admissible as part of 

the solution, in contrast to problems conveniently solved by use of Hankel 

t ransforms where it would be unsuitable because of its infinite value at p = 0. 

A solution to the residual problem discussed in this report was 

obtained using the transformation kernel f22. It was discovered, however, 

that, although all integrals involved in the final expressions for the s t r e s ses 

were theoretically convergent, the difficulties encountered in their numerical 

evaluation were apparently prohibitive. The problem was then successfully 

solved by a slightly different transformation, which can be summarized by 

the inversion relation 

f(ri) .)]̂ KHj Jm(^) + Ym(^) r= / ypi^y"! ^m^y^ p^i ^rJ^'p) "iydp. (48 

*See Ref. 14, p. 16. 
**See Ref. 13, pp. 468-470, for 'details. 

^See Appendix C for a proof of this relation. 
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In Eq. (48) 

"m(7.p) ^ Y;^ (7 ) Jn,(7p) - Jk,(7) Yn,(7P): ^'mW ^—^-—. ^'mM = —^•. 
(49) 

-yC 
here m = 2 is the appropriate value since 02(7, p) e '^ is a solution to the 
first and third of Eqs. (24). Therefore, in place of Eqs. (43) we will take 
the s t ress functions 02, X2. and ^2 i" the form 

02 = ( 1 - a ) / 7 " ' M 4 ( 7 ) n2(7,p) e""^^ d7; X̂  = 0; 

^2 = / M4(7)n2(7.p) e'"^^ d7. (50) 
Jo 

The boundary condition then becomes, ra ther than Eq. (44), 

^ i i ^ + F4(p) = f 7M4(7) n2(7.p) d7; P ^ 1. (51) 
P' Jo 

Applying the inversion relation (48) to Eq. (5l) gives 

M4(TI) | [J ' (7I)] ' + [Yi(ri)] "\ = J p [ ^ ^ | ^ + F4(p)j ^2(71, p) dp, (52) 

so that the undetermined function M4 has been removed from under the 
integration sign. Using the integral transformation implied by Eq. (48) 
rather than that implied by Eq. (46), we obtain integrals for the s t r e s ses 
which are very s imilar in appearance and have the same theoretical ra tes 
of convergence, but which are more amenable to numerical evaluation. 

E. Solution of the Residual Problem 

In accordance with the reasoning of the previous section, we take 
the s t ress functions in the form 

<t>Hp.O = I 1 A(7) - f C(7) K2(7P) C O S 7 ? + 6(7) --^ C(7) 7pKi(7p) cos 7C - 7CK2{7p) sin7C 

+ {1 - a) 7^0(7) 02(7, p) e"'^Hd7i 

^ ^ ' P ' ^' = i : / C(7)rjK2(7P) + 7Ki(7p)l cos 7C d7; 

f^ip.O = f { [ B ( 7 ) -•i;C(7)j 7K2(7p) sin7C + 7'D(7) "2(7.?) e"" 'H d7-

(53) 
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The undetermined functions A, B, C, and D have been arranged so as to 
simplify subsequent expressions. Note that the recurrence relation for the 
Kn Bessel functions has been used to express Ki(7p) in t e rms of K2(7P) and 
K'(7p) in the equation for xR. The s t ress functions (53) satisfy the differ­
ential equations (24); consequently the s t ress field derived from them will 
meet the equilibrium equations (7). 

Substituting Eqs. (53) into the equations in (23) for T^j.. T^Q, and Tj.^, 
evaluating the resulting expressions at p = 1, and applying the boundary 
conditions (29), we find 

r*00 

/ { A ( 7 ) [ 7 ' + 4 - K(7)] + B(7)[(a- l) 7^ - 4 + (7^ + 4) K ( 7 ) ] 
Jo 

- 2 C ( 7 ) [ 7 ' + 2 + K ( 7 ) ] } K2(7) COS 7C d7 

^ c o -

= | - / 7D(7)[4(a- I-7C) +7 ' (7C- 1)] e"">'^d7; 
Jo 

j {2A(7)[1 - K(7)] + 2B(7)[- (7^ + 4) + K ( 7 ) ] 
Jo 

+ C ( 7 ) [ 7 ^ + 4 + 2 K ( 7 ) ] } K2(7) COS 7C d7 = — / 7D(7)(a - 1 - 7 ? ) e""̂  dy; 

X co 

{A(7) K(7) + B(7)[7' + 4 + aK(7)] - 2C(7)[l + K(7)]}7K2(7) sin 7!; d7 = 0, 
(54) 

where 

K(7) = 7Ki(7)/K2(7) (55) 

and the relation* 

^2(7. 1) = 2/TT7 (5 6) 

has been used. Upon multiplication of the first two of Eqs. (54) by(2/7T) cosT)/^ 
and the third by (z/'n) sin r)(̂ , integration with respect to ? from zero to 
infinity, and use of Eq. (41), we obtain 

*See Ref. 15, p. 79, No. 28. 
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A(T))[T)^ + 4 - K(T]) ] + B(Ti)[(a - 1) Tî  - 4 + (TI^ + 4 ) K{r])] - ZC{rt)[T]^ + 2 + K(T) ) ] 

g(y) d7; 

2 A ( T I ) [ 1 - K(T))] + 2 B ( T ) ) [ - (71^4) + K(TI)] + C{-n)[rf + 4 + 2K(TI ) ] 

7T^K2(ri) 
D(7) a - 2; KT)^-

A(r)) K(r)) + B(T] ) [TI^ + 4 + a K ( T i ) ] - 2C( r ) ) [ l + K ( T ] ) ] = 0, 

w h e r e 

g ( x ) = ( 1 + X ^ ) - ' 

(57) 

(58) 

The F o u r i e r c o s i n e t r a n s f o r m s 

-7C 7 e cos T]? d? = g f) 
7 ( 1 + 7 C ) e"">'^ c o s T j C dC = 2g2/'.n.\ ( 5 9 ) 

h a v e b e e n u s e d i n t h e d e r i v a t i o n of E q s . ( 5 7 ) . E q u a t i o n s ( 5 7 ) a r e t h r e e 

s i m u l t a n e o u s l i n e a r a l g e b r a i c e q u a t i o n s in A , B , a n d C ; t h e i r s o l u t i o n , a f t e r 

a c o n v e n i e n t c h a n g e of t h e d u m m y v a r i a b l e s , i s 

A(7) 
I6a 

[f.(7) + £4(7)] 
77̂ X2(7) A(7) 

+ 4af2(7)[K(7) + 1]} r m)g'(^]di: 

D(C) g(A di+ , , \ ^ , , { - [y + 4 + a K ( 7 ) ] £3(7) 
\i/ -n'Riiy) A(7) 

B(7) 

0(7) 

I6a 

77^X2(7) A(7) 

8a 
•n^Kziy) A (7) 

fz(7) r°^^' <i) '̂^ ^ ^ ? i j ^ '̂-> '̂'-' /"°'̂ > ii) ''•• 

£ i ( 7 ) / " o ( 4 ) . g ) d ? . ^ 
6a 

(7) A(7) 
K(7) £2(7) 

(60) 



where 

fi(7) = 7^[7^ + 4 1- K'(7)] + 3aK^(7); 

^2(7) = 7 ' - (7^+3) K(7); 

f3(7) = (72+2)(72 + 6) - 27^K(7); 

f4(7) = (7 '+3)(7 ' + 4) - 7 ' K ( 7 ) - af2(7) + 3aK(7); 

A(7) = [72 + 4 - K^(7)] f3(7) + a [ - 4 7 ' + 8 ( 7 ^ 3 ) K(7) - 7 ' K ^ ( 7 ) - 6K^(7)]-
(61) 

Substituting Eqs. (53) into the equations in (23) for T .̂̂ . ^ez ' and Tj.z. 
evaluating the resulting expressions at C = 0. and referring to Eqs. (30), we 
see that the boundary conditions for T^^ and TR^ are automatically satisfied. 
while the boundary condition for T^^ is equivalent to 

7*D(7) fi2(7.p) d7 = ^ ^ ^ + / {[A(7) + (a+2) 8(7) - 20(7)] K2(7P) 

+ 3(7) 7pK;.(7p)}7^ d7. (62) 

Multiply Eq. (62) by pn2('n.p) and integrate with respect to p from 
one to infinity, and use Eq. (48) to obtain 

D(7l) 7lM[Ji(7l)f + [Yi(7l)f} 

'!^Ll2l . _ L \ J A ( 7 ) K(7) + B(7)[7^ + 4 + aK(7)] - 20(7) K(7) 

2B(7) K(7) g(-^) jg( -^) 7'K2(7) d7. (63) 

where use has been made of the integrals* 

*These integrals can be found from the indefinite integral 

/ ' 
pCl^iri, p) Kziyp) dp 

dK2(7p) ^ , , an2(7],p) 
^2(T1.P) —^ K2(7p) 

dp Sp 

which can be checked by differentiation (see Appendix A, Sect. 3). The 
second of Eqs. (64) is obtained by putting in the proper l imits; the first is 
found from this result by multiplying by 7^ and letting 7 -* 0; the third is 
found by differentiating with respect to 7. 



P^zir}.p)(—] dp 
Ttr]' 

f pVl^ir], p) K2(7p) dp = 

P^ziv.p) 7PK;(7P) dp 

27K'(7) 

m)' <i) 

(7^ + 4) K2(7) + 27K^(7) 
TTT) mi 

(64) 

The funct ions A, B, and C of E q s . (60) can now be s u b s t i t u t e d in to 
Eq . (63) to y i e ld an i n t e g r a l equa t ion in the funct ion D: 

D(7))T] 'Y(7)) = 2 - a + / D ( C ) L ( | , T ) ) d4 . (65) 

w h e r e 

Y(7,) ^ [j',{-n)f + [Y ' (T , ) ] ' 

and the s y m m e t r i c k e r n e l L ( | , r ) ) is defined by 

(66) 

af 1(7) + 2a g ( | ) + g ( ^ ) K(7) f2(7) + g ( | ) g g ) K^(7) f,(7) [ d 7 . (67) 

The i n t e g r a l equa t ion (65) was so lved wi th the I B M - 7 0 4 for P o i s s o n ' s r a t i o s 
of 1/4 and 1/2 ( that i s , a = 3 /2 and l ) . F i g u r e s 2 and 3 a r e g r a p h s of the 
D(T]) func t ions . D e t a i l s of the c a l c u l a t i o n s a r e p r e s e n t e d in P a r t II. 
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The Solution D(r^) of the Integral Equation 
for Poisson*s Ratios of 1/4 and 1/2 
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f • 1/4 

I ' L-L. 

F i g . 3. L o g - L o g Plot of 7i*D(r)) v s . T) for 
P o i s s o n ' s Ra t ios of l / 4 and l / 2 

F . F i n a l F o r m of the D i s p l a c e m e n t s and S t r e s s e s for the R e s i d u a l P r o b l e m 

Define the a u x i l i a r y nota t ion 

n'^(y.p) = Yi(7) J'^iyp) - 1^(7) Yi(7p); 

G(7,p) = K 2 ( 7 P ) / K 2 ( 7 ) ; G ' (7 ,p ) = pK2(7P)/K^(7)- (68) 

The s t r e s s functions (53) a r e e x p r e s s e d in t e r m s of the four func­
t ions A, B, C, and D. Since by E q s . (60) we have the f i r s t t h r e e of t h e s e 
as funct ions of the four th , we can e x p r e s s the s t r e s s func t ions , and t h e r e b y 
the d i s p l a c e m e n t s and s t r e s s e s , in t e r m s of D a lone , w h e r e D is the 
so lu t ion of the i n t e g r a l equat ion (65). 

Hence , by E q s . (60), (53), (23), and (28), we find that the d i s p l a c e ­
m e n t s and s t r e s s e s for the r e s i d u a l p r o b l e m a r e : 

Ziinfip.e.O 

a T g c o s 2 9 
D(7]) (1 - a + 7iC) 7i 'n^(7i, p) e"'^'^ + Uj . (7 ] ,p , 0 d7l; 

( 6 9 ) 
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2 juue(p ,9 , 0 

aTg s in 29 

ZtJ-u^ip, 9, C) 

aTg c o s 29 

T ^ r ( p . e , C) 
Tc cos 29 

D(7]) 

D(T]) 

D(71) 

2 ( a - 1 -TlC) 7lV"'n2(71,p) e " ^ ^ + Ue(7],p, c) d7); 

- (a + r)aTi3fi2(Tl,p) e"'^'^ + U (7i,p, 0 d7]; 

| [ 4 ( 1 - a + 7 l O P - ' + ( 1 - 7 1 0 71̂ ] n2(Tl.P) 

/o 

( a - 1 - 7 ] 0 7)p-'n^(T),p)}7]2e"'^^ + T^^(7), p, 0 dTj; 

^9-9(p .9 'g ) 

Tg COS 29 
D(7]) [ 4 ( a - 1 - 7 ) 0 p-^ + ( 2 - a ) 7)^] fi2(^.p) 

+ ( l -a + riQ 7]p"'n^ 

TL(p.g.o 
Tg COS 29 

r%{p. e. 0 
Tq s in 29 

Tg s in 29 

Tc COS 29 

D(7)) 

(71,p)}7)2e"'^^ + T e e ( 7 ] , p , C ) | d7]; 

( l + 7 ] ( ; ) r ] % ( 7 ] , p ) e" ' ^^+ T ^ ^ ( 7 ) , p , 0 ' | d7i; 

+ T, 

D(7i) |2(l - a + T)C)[p-'n2(7),p) - 7)p- 'n^(Ti,p)]7i^e' ' l '^ 

e ( 7 ] . p . 0 | d 7 ] ; 

D(7))|2 . - ^ c 27]^p-'Cn2(r),p) e"'''= + Te^(7] ,p ,C) dTi - P . C ) ] ' 

D(7]) -7]5^n'(r) ,p) e'"^^ + T^^( r i ,p , ( : ) I d7i; (69) Contd . 
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r%o(P.e.Z) TR^ + T R + T 
DD 
Tg cos 29 T( , cos 20 

.a) f 
•Jn 

D(7l) 7i*fi2(^,p) e"'^'' + T D D ( ^ . P . C)ld7), 

(69) Contd . 

w h e r e 

U- . (71,p ,0 
= _§_ r COS yfj 

" T t M P^ 
2ag(XVG(7,p)[(7V + 4) f2 - 2fi] 

Vg(ri.p,0 

+ G ' (7 ,p ) Kf4} + g ' ( ^ ) K { G ( 7 . p ) [ ( 7 V + 4) i^ - S<xi^] 

+ G ' ( 7 , p ) [ - ( 7 ^ + 4 + a K ) f3 + 4af2]} d7; 

^ l i r i £ f _ y ^ L g f x V - 2 G ( 7 , p) f4 + G'(7,p) K[f, - 2f2]} 
7T2 / P '^ \ ^ / 

v / r , I -

+ g2pLyG(7,p)[(7' + 4 + aK) f3 - 4af2] 

G'(7,p) K'[-f3 + 2af2]} d7; 

U^(7],p,0 = - j A 
- 2 a g ( ^ V G ( 7 , p ) [ f 4 + 2af2] + G ' ( 7 , p ) Kfj} 

+ g ' ( - ) { G ( 7 . p ) [ ( 7 ' + 4 - a K ) f3 - 4af2] - G ' ( 7 , p ) Kh^} dy, 

T „ ( 7 i , p , 0 - ^ r ^ l ^ { 2 a g ( ^ ) [ G ( 7 , p ) { [ ( a - l ) 7 V - 4 ] f 2 + 2 f i 

+ ( 7 V + 4) f4} + G'(7,p) K[ (7V + 4) f2 - 2f, - f4]l 

+ g ' ( ^ ) r G ( 7 , p ) { - [ ( 7 V + 4)(7' + 4 + K) + 4aK] fj 

+ 4 a ( 7 V + 4 + 2K) f2} + G'(7,p) K{[(7V^ + 4+a) K 

+ 7^ + 4] f3 - 4a(2K+ 1) fzlH-d^; (70) 
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/

GO ^ 

^ ^ ( M ^ ) [°̂ '̂ ̂ ^^^^°" ^^'^'^' ^^^^^' ^̂' " ^̂'̂  
u 

+ G ' ( 7 , p ) K [ - 4 f 2 + 2fi + f4]j 

+ g ' ( ^ ) [ G ( 7 , p ) { [ ( a - 1 ) 7 V K + 4(7^ + 4 + K + aK) ] f3 

- 8 a ( K + 2 ) f2} + G ' ( a , p ) K { - (7^ + 4 + 4 K + a K ) i^ 

+ 4 a ( 2 K + 1) fz}] | -d7; 

/

CO 

^-lp^[-2ag(2){G(7,p)[(a- 2 U + f4 

+ G ' ( 7 , p ) Kfz) + g ' f — ) { G ( 7 , p ) [ ( 7 H 4 - 2K) fj 

d7; - 4af2] - G ' ( 7 , p ) K % } 

^ { a g ( - l ) { G ( 7 , p ) [ - 4 ( 7 V . 4 ) f 2 

+ ( 7 V + 8) fi + 4f4] + 2G ' (7 ,p ) K[2f2 - fi - 2f4]} 

+ 2 g 2 p \ [ G ( 7 , p ) { - [ ( 7 V + 4 + a) K + 7^ + 4] f3 

+ a(7^p^K + 4 + 8K) f2} + G' (7, p) K { ( 7 ^ + 4 

+ K + aK) i-i - 2a(2 + K) fzlj \dy; 

/

OO 

m ^ a g g ) { 4 G ( 7 , p ) [ a f 2 + f4] 
u 

+ G ' ( 7 , p ) K[4f2 - f , ]}+ 2 g ^ ^ X \ { G ( 7 , p ) [ - ( 7 H 4 ) f3 

+ 4af2] + G ' ( 7 , p ) K^[f3 - af2]} d7; (70) Contd . 
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Tj.j7).p,0 
y s in 7̂ !̂  

pA 

TDD(^ ' P- 0 

2 a g ( X V G ( 7 , p ) [ - ( 7 V + 4) f2 + fi] 

- G ' (7 ,P ) K[af2 + f j } + g ' Q K { G ( 7 , p ) [ - ( 7 V + 4) i 

+ 4af2] + G ' ( 7 , p ) [ ( 7 H 4 ) f3 - 4af2]}J d7; 

•^0 ( 7 (70) Contd . 

In E q s . (70), 7 i s the a r g u m e n t of K, fi, fz. fa, U. and A, wh ich a r e 
def ined in E q s . (55) and (61). Note that a l though the i n t e g r a l s for Uj.. ^rv 
e t c . , a r e c o m p l i c a t e d , the i n t e g r a n d s a r e c o m p o s e d e n t i r e l y of known 
funct ions . 

G. Check of the Solut ion and R e s u l t s 

If the function D is such that a l l the i n t e g r a l s ex i s t , the s t r e s s e s 
and d i s p l a c e m e n t s as given by E q s . (69) sa t i s fy the f ield e q u a t i o n s (7) and 
(8). M o r e o v e r , the b o u n d a r y condi t ions (29), (31), and the l a s t two of (30) 
a r e m e t by E q s . (69) for any function D, aga in p r o v i d i n g a l l the i n t e g r a l s 
ex i s t . If the i n t e g r a l equa t ion (65) i s n u m e r i c a l l y so lved for D(TI) , the r e ­
s u l t s m u s t sa t i s fy two c r i t e r i a : the b e h a v i o r of D as 7]^oomust be s u c h tha t 
the n e c e s s a r y i n t e g r a l s ex i s t ; and the s t r e s s T R ^ at Z = 0 c a l c u l a t e d f r o m 
the s ix th of E q s . (69) m u s t sa t i s fy the f i r s t of b o u n d a r y cond i t i ons (30). 

A c c o r d i n g l y , the n u m e r i c a l c a l c u l a t i o n s a r e c o n v e n i e n t l y d iv ided 
into t h r e e m a i n s e c t i o n s : ( l ) the so lu t ion of the i n t e g r a l equa t ion ; (2) t he 
c h e c k of the b o u n d a r y condi t ions OUTR^, ; and (3) the c a l c u l a t i o n of the d e s i r e d 
s t r e s s e s and d i s p l a c e m e n t s in the v ic in i ty of the edge p = 1 and C = 0. The 
d e t a i l s of t h e s e c a l c u l a t i o n s and the a c c o m p a n y i n g r e f o r m u l a t i o n of s o m e of 
the e x p r e s s i o n s a r e d i s c u s s e d in Sect . II. A s u m m a r y of the r e s u l t s w i th 
s o m e r e l e v a n t c o m m e n t s wi l l be given h e r e . 

It should be po in ted out that the so lu t ion d e p e n d s on P o i s s o n ' s r a t i o 
in a c o m p l i c a t e d fashion; note tha t the p a r a m e t e r a = 2( 1 - v) a p p e a r s in 
E q s . (65), (67), (69), and (70) both exp l i c i t l y and i m p l i c i t l y t h r o u g h t h e 
funct ions A, f], and f4, defined in E q s . (61). C a l c u l a t i o n s w e r e t h e r e f o r e 
p e r f o r m e d - f o r P o i s s o n ' s r a t i o s of l / 4 and l / 2 , the so lu t ion for v = 0 be ing 
known in a d v a n c e . 

1. Solut ion of the I n t e g r a l Equa t ion* 

The i n t e g r a l equa t ion (65) was so lved for D(r)) at s e v e n t y - s i x 
v a l u e s of T) in the i n t e r v a l (0 ,2000) . S i i n p s o n ' s r u l e w a s u s e d to e v a l u a t e 

*See Sects. II-A. B, and E for details. 
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the i n t e g r a l in Eq . (65), u s i n g as da ta po in t s for ^ the s a m e s e v e n t y - s i x 
v a l u e s as w e r e u s e d for T). Th i s n e c e s s i t a t e d the c a l c u l a t i o n of t he k e r n e l 
L ( | , r ) ) for 76 x 76 c o m b i n a t i o n s of | a n d r ) . Tak ing a d v a n t a g e of the s y m ­
m e t r y of L ( | , 7 ] ) and the fact t ha t L is z e r o if e i t h e r | or 7) i s z e r o [ s ee 
E q s . (67) and (58)], we a r e s t i l l left wi th 2850 c o m b i n a t i o n s of ^ and 7) for 
wh ich L m u s t be n u m e r i c a l l y eva lua t ed . The c a l c u l a t i o n of t h e s e v a l u e s , 
t h e i r s u b s t i t u t i o n into Eq . (65), and the s u b s e q u e n t so lu t ion of the r e s u l t a n t 
s y s t e m of s e v e n t y - f i v e s i m u l t a n e o u s equa t ions in the s e v e n t y - f i v e * unknown 
v a l u e s of D(7]) took 26 m i n wi th t he I B M - 7 0 4 for e a c h va lue of P o i s s o n ' s r a t i o . 

F i g u r e s 2 and 3 a r e p lo t s of the n u m e r i c a l l y d e t e r m i n e d v a l u e s 
of D(7)) and r)*D(r)), r e s p e c t i v e l y , for V equa l to l / 4 and 1/2. It is a p p a r e n t 
t ha t as 7 ] ^ a=, D(r)) b e h a v e s e s s e n t i a l l y a s c(v) T)"*, wi th c ( l / 4 ) =̂  0.322 and 
c ( l / 2 ) ~ 1.260. The dev i a t i on f r o m th i s b e h a v i o r at the l a r g e s t v a l u e s of 
T) i s p r o b a b l y due to the i n a c c u r a c y c a u s e d by t r u n c a t i n g the i n t e g r a t i o n in 
Eq. (65) a t 7] = 2000. The a s s u m p t i o n tha t D(7)) ~ cr]'* asT) -• =oassures t he 
e x i s t e n c e of the i n t e g r a l s for the s t r e s s e s and d i s p l a c e m e n t s . T h i s b e h a v i o r 
i s a l s o u t i l i z e d in n u m e r i c a l l y eva lua t ing the c o n t r i b u t i o n s to t h e s e i n t e g r a l s 
of the i n t e g r a t i o n s ove r l a r g e r], the c o n t r i b u t i o n s of the " t a i l s " be ing p a r ­
t i c u l a r l y s ign i f i can t at v a l u e s of p and (̂  n e a r (p = 1, ^ = O). 

2. Check of the B o u n d a r y Condi t ion on T R ^ * * 

T a b l e s I and II s i ve the r e s u l t s of the n u m e r i c a l c h e c k for the 
R 

s t r e s s Tzz on the bounding p lane z = 0. If the funct ion D(7]) w e r e e x a c t l y 
c o r r e c t and if the n u m e r i c a l p r o c e d u r e s for eva lua t ing T R ^ w e r e exac t , 
T^z(p, 9, 0) a s c a l c u l a t e d f r o m E q s . (69) and (70) would be 4vp"^Tg c o s 29 
[ see t he f i r s t of E q s . (30)] , o r , in o the r w o r d s , 

T S ^ ( P , 9 , 0) = T P ^ ( P , 9 ) + T R ^ ( P , 9 , 0 ) 

would be z e r o [ s ee E q s . (20) and (28)] . L a r g e d e v i a t i o n s of T^^(p, 9, O) f r o m 
z e r o would have i n d i c a t e d a m i s t a k e in the t h e o r e t i c a l or n u m e r i c a l so lu t ion 
of the p r o b l e m . On the o t h e r hand , s m a l l d e v i a t i o n s give an e s t i m a t e of the 
e r r o r s i n t r o d u c e d t h r o u g h the u s e of a p p r o x i m a t e n u m e r i c a l p r o c e d u r e s . 
It m a y be o b s e r v e d f r o m T a b l e s I and II t ha t the d e v i a t i o n s t end to i n c r e a s e 
in m a g n i t u d e a s p a p p r o a c h e s un i ty . T h i s i s b e l i e v e d to be due to the dif­
f i cu l t i e s invo lved in e v a l u a t i n g the i n t e g r a l s for T R ^ for ^ e q u a l s z e r o and 
p n e a r one, r a t h e r t h a n due to e r r o r s in the v a l u e s of D(r)). 

* D ( 0 ) is found a n a l y t i c a l l y in P a r t II, Sec t . E , l eav ing s e v e n t y - f i v e v a l u e s 
of D(T)) to be d e t e r m i n e d n u m e r i c a l l y . 

**See S e c t s . I I -A , C, and F for d e t a i l s . 
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TABLE I. Check of the Boundary Condition for Poisson 's Ratio - 1/4-
Values of TR-Z and Tf^ on the surface z = 0 for various radial positions. 

P = i-/a 

1 

1.02 
1.1 

1.2 

1.4 

1.6 

1.8 

2 

4 

6 

8 

10 

TL(P , 9 , 0) 

Tg c o s 29 

N u m e r i c a l 
R e s u l t 

1.00218 
0.95576 
0.82730 
0.69578 
0.51100 
0.39070 
0.30879 
0.25011 
0.06228 
0.02706 
0.01523 
0.00903 

T h e o r e t i c a l 
Value 

1.00000 
0.96117 
0.82645 
0.69444 
0.51020 
0.39063 
0.30864 
0.25000 
0.06250 
0.02778 
0.01563 
0.01000 

Tfz(/: , 9, 0) 

Tg COS 2 9 

N u m e r i c a l 
R e s u l t 

0.00218 
-0 .00541 

0.00085 
0.00134 
0.00080 
0.00007 
0.00015 
0.00011 

-0 .00022 
-0 .00072 
-0 .00040 
-0 .00097 

T h e o r e t i c a l 

Value 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

TABLE II._Check of the Boundary Condition for Poisson 's Ratio - l / 2 . 
r § , on the surface z = 0 for various radial positions. 

P - r / a 

1 
1.02 
1.1 
1.2 

1.4 

1.6 
1.8 

2 

4 

6 

8 
10 

T^z(P ,e , 0) 
Tg cos 26 

N u m e r i c a l 
Resu l t 

2.01167 
1.89914 
1.65466 
1.39262 
1.02146 
0.78148 
0.61737 
0.49982 
0.12432 
0.05381 
0.03120 
0.02027 

T h e o r e t i c a l 
Value 

2.00000 
1.92234 
1.65289 
1.38889 
1.02041 
0.78125 
0.61728 
0.50000 
0.12500 
0.05556 
0.03125 
0.02000 . 

^iz(p , 6, 0) 

To cos 26 

N u m e r i c a l 
Resu l t 

0.01167 
-0 .02320 

0.00177 
0.00373 
0.00105 
0.00023 
0.00009 

-0 .00018 
- 0 . 0 0 0 6 8 
-0 .00175 
-0 .00005 

0.00027 

T h e o r e t i c a l 
Value 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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In the expression for TR^ in Eqs. (69), the t e r m in D(T)) 7)*n2(r),p) 
e"'^^ goes to zero quite rapidly if ^ / 0 because of the e"^^ factor, and the 
corresponding integration over r) can easily be performed numerically. If 
^ equals zero, however, this integrand is an oscillating function with slowly 
decreasing amplitude. In the numerical integration small steps in 7) must 
be taken to follow the oscillations; however, the numerical integration must 
be car r ied out to a large value of T) before asymptotic expansions become 
applicable in evaluating the contribution of the "tail" of the integrand. 

In the sixth of Eqs. (69) the integration of D(7)) Tzziv.p. O) over 
T) from zero to infinity was approximated by applying Simpson's rule out to 
a large value of rj. The contribution of the "tail" of this integrand was 
neglected. It can be shown to be of increasing importance relative to the 
value of the integral as p approaches unity. 

To further complicate mat te r s , the integral representat ion for 
Tzz ^'^ Eqs. (69) is discontinuous at the edge (p = 1, t, = O), that is, substi­
tution of the values p = 1 and (̂  = 0 into the integral and numerical inte­
gration give a different result than that obtained by taking the limit of the 
values of the integral asp — 1 andr-»0 . The difference can be theoretically 
shown to be exactly 4c(v)/7T, where c(v) is as discussed in Par t 1 above. 
This provides a good check on the values of c(v) determined from the graphs 
of D(7)). 

The integral representation for T R was evaluated at p = 1 and 
^ = 0 for the two values of Poisson 's ratio considered and 4c/7T was added. 
The resulting values of the s t resses are those given in Tables I and II for 
p = 1, and are seen to be very close to the theoretical values. Obviously, 
the integral representations (69) are to be replaced by their limiting values 
a sp -» l and f-*0 when calculating the s t resses at the edge. In calculating 
the s t r e s ses near the edge, however, we are faced with the customary dif­
ficulties in numerically evaluating the integral representat ion of a sec-
tionally discontinuous function near a point of discontinuity. 

It was mentioned in Sect. D-2 that the problem discussed in this 
report was initially solved by use of the function Hj of Eq. (47) rather than 
by use of f̂ 2 °t Eqs. (49). The integral equation obtained in this original 
solution was solved numerically with no part icular difficulty, but the solution 
[call it D''(7))] was found to be such that it could not be replaced by a simple 
asymptotic representat ion except for 7) greater than approximately 1500. 
Because of this, the difficulties encountered in numerically evaluating the 
integrals needed for the check of the boundary condition proved to be pro­
hibitive. It may well be that the first formulation of the problem and the 
corresponding solution D''(7I) a re quite correct , but without the check of the 
boundary condition nothing definite can be stated as to their validity. 
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By in spec t i on of T a b l e s I and II, it a p p e a r s that the so lu t ion to 
the second fo rmu la t i on , d i s c u s s e d in de ta i l in th i s r e p o r t , c h e c k s qui te 
n i ce ly . S ince the n u m e r i c a l a p p r o x i m a t i o n s involved in the check of the 
b o u n d a r y condi t ion a r e m o r e i n a c c u r a t e than t hose involved in the so lu t ion 
of the i n t e g r a l equa t ion (65) and in the eva lua t ion of the s t r e s s and d i s p l a c e ­
m e n t f ie lds at points w h e r e ? /̂  0, it s e e m s l ike ly tha t the so lu t ion D(7I) and 
the r e s u l t s p r e s e n t e d in P a r t s 3 and 4 be low a r e m o r e a c c u r a t e than the 
r e s u l t s for Tf ^(p, 9, 0) p r e s e n t e d in T a b l e s I and II. In o the r w o r d s , i m ­
prov ing the n u m e r i c a l t e chn iques for eva lua t ing T^^^p, S, O) should r e s u l t 
in l e s s dev ia t ion of th i s quant i ty f r o m z e r o , even though the s a m e D(7]) is 
u s e d . 

3. S t r e s s e s and D i s p l a c e m e n t s n e a r the Edge p = 1, g = 0 for 
the P u r e Shear P r o b l e m * 

F i g u r e s 4, 5, and 6 a r e p lots of the s t r e s s e s T^z- Tge • and Tg^ 
on the hole as a function of ax ia l pos i t ion; F ig . 7 g ives u^ on the bounding 
p lane as a function of r a d i a l pos i t ion . F r o m the p l a n e - s t r a i n a p p r o x i m a t i o n 
to the p u r e s h e a r p r o b l e m , given by E q s . (27), we have tha t 

rL ( 1 , 9 ) / T g cos 26 = -47^; q ( l , l / T g COS 29 = 

2(1 .9) /Te sin 29 = 0; 2^u^(p , e ) / aTg cos 29 (71) 
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*See S e c t s . I I -A, D, G, and H for d e t a i l s , 
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We a l s o note tha t the p l a n e - s t r a i n a p p r o x i m a t i o n and the exac t 
so lu t ion to the p u r e s h e a r p r o b l e m co inc ide if the P o i s s o n ' s r a t i o of the 
e l a s t i c m a t e r i a l is z e r o . In add i t ion , we expec t the p l a n e - s t r a i n a p p r o x i ­
m a t i o n to be quite good at po in t s on the hole wh ich a r e fa r f r o m the s u r f a c e 
C = 0, and t h i s is indeed b o r n e out by F i g s . 4 , 5, and 6. It c a n be t h e o r e t i ­
ca l l y shown tha t the r e s i d u a l s t r e s s e s rf: g iven by E q s (69) go to z e r o a s 
C a p p r o a c h e s infinity and h e n c e tha t the s t r e s s s t a t e T '̂̂  h a s the s t r e s s s t a t e 
TF. a s i t s l i m i t as C goes to infini ty. We s e e f r o m the f i g u r e s tha t t he dif­
f i d e n c e b e t w e e n the s t r e s s s t a t e s T^j and rf. on the s u r f a c e of t he ho l e b e ­
c o m e s s m a l l at d i s t a n c e s of only a few ho le r a d i i f r o m the bounding 
p lane (̂  = 0. 

On the o the r hand, the d i f f e r ence b e t w e e n the e x a c t so lu t i on and 
the p l a n e - s t r a i n a p p r o x i m a t i o n is qui te p r o n o u n c e d for s m a l l v a l u e s of ^ • 
B e c a u s e of the p r e s e n c e of the f r ee s u r f a c e at ^ = 0, the m a t e r i a l n e a r t h i s 
s u r f a c e is l e s s c o n s t r a i n e d than m a t e r i a l wh ich is far f r o m it. C o n s i d e r 
for the m o m e n t the p lane 9 = 0. F r o m F i g . 7 we s ee tha t the m a t e r i a l 
a long ^ = 0 de f l ec t s d o w n w a r d s , o r , in o the r w o r d s , b u l g e s out. The c o m ­
p r e s s i v e s t r e s s e s Tf^ and T^g a r e t h e r e b y d e c r e a s e d s i gn i f i c an t l y in m a g ­
n i tude , a s can be s e e n f r o m F i g s . 4 and 5. On the p lane 9 = Tr/2, the 
m a t e r i a l on (̂  = 0 m o v e s up, and the t e n s i l e s t r e s s e s T^^ a n d T g g n e a r 
(̂  = 0 a r e m u c h s m a l l e r than the v a l u e s at l a r g e (;. T h i s d i m i n i s h i n g of 
the n o r m a l s t r e s s e s i s a c c o m p a n i e d , h o w e v e r , by s e v e r e s h e a r s t r e s s e s 
Tg ac t ing on the p l a n e s 9 = +7r/4, I 3 7 T / 4 , j u s t above the f r e e s u r f a c e 
( s e e F i g . 6). 

It i s p a r t i c u l a r l y n o t e w o r t h y f r o m the s t andpo in t of p h o t o - e l a s t i c 
a n a l y s i s t ha t the P o i s s o n ' s r a t i o of the m a t e r i a l h a s a l a r g e effect on the 
m a g n i t u d e s of the s t r e s s e s n e a r the edge p = 1. C, = 0. 

4. S t r e s s e s and D i s p l a c e m e n t s n e a r the Edge p = 1, C = 0 t o r the 
Un iax i a l T e n s i o n P r o b l e m 

As d i s c u s s e d in Sec t . B above , the so lu t ion for any u n i f o r m 
p lane s t a t e of s t r e s s can be obta ined by p r o p e r l y s u p e r i m p o s i n g the s o l u t i o n s 
for the p l ane h y d r o s t a t i c s t a t e of s t r e s s , g iven by E q s . ( l 9 ) , and the p l ane 
s t a t e of p u r e s h e a r i n g s t r e s s , g iven by E q s . (28), (27), and (69) . A p l a n e 
s t a t e of p a r t i c u l a r p h y s i c a l i n t e r e s t i s t ha t of u n i a x i a l t e n s i o n at inf in i ty . 
If we a s s u m e th i s u n i a x i a l t e n s i o n , of m a g n i t u d e T,p, to be in the Xj d i r e c t i o n , 
t h i s s t a t e wi l l be c h a r a c t e r i z e d by t ak ing Tj = Trj- and Tj = 0 in E q s . ( l ) . 
Identifying the so lu t ion to the u n i a x i a l t e n s i o n p r o b l e m by the s u p e r s c r i p t T, 
we can t h e n w r i t e , r e f e r r i n g to E q s . (6) and (28), 

u j ( p , 6 , C) = u^ip.O + uf(p. 6) + u ^ ( p , 6 , 0 . e t c . ; 

T j r ( p , e . O = T^r (p . 0 + T ^ r ( p . e ) ^rf^ip.e.O. e t c . , (72) 



with 

1 
-j-T^. 

The s t resses T^^, Tgg, T I on the hole and the normal displacement u^ on 
the bounding plane are presented in Figs. 8, 9, 10, and 11. 
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Fig. 9. Tgg on the Hole for the 
Uniaxial Tension Problem 

0.4 

0.3 

0.2 

0.1 

0 

1 ' 

- ^ 
1 -

• I 

-1 
- 1/ 
-u 

1 ' 1 ' 1 ' 1 

XT'- 1/2 

^ ^ ' X ! / ' 1 4 \ ^ 

v-o 

' 1 ' 

-
-

-
-
-
-

^^^ ^ 

I . I , 
0 0.5 t.O 1.5 2.0 2.5 3.0 

J I I , L 

Fig. 10. Tg^ on the Hole for the Fig. 11. u on the Plane z = 0 for the 
Uniaxial Tension Problem Uniaxial Tension Problem 



42 

II. N U M E R I C A L ANALYSIS 

A. I n t r o d u c t i o n 

The n u m e r i c a l c o m p u t a t i o n s p e r f o r m e d w e r e , b r i e f ly , the so lu t i on of 
the i n t e g r a l E q s . (65) for the function 0(7]); the e v a l u a t i o n of the s t r e s s 
T R ^ ( P , 6, 0) f r o m E q s . (69) a s a funct ion of p in o r d e r to c h e c k the s a t i s f a c ­
t ion of the b o u n d a r y condi t ion and t h e r e b y the e n t i r e so lu t ion; and the e v a l u ­
a t ion of the s t r e s s e s r R ^ d , 9, 0. ^ R g d , 9, C). a n d T R ^ ( l , 6, C) f r o m E q s . (69) 
a s a funct ion of C m o r d e r to find the s t r e s s d i s t r i b u t i o n on the ho le . To 
p e r f o r m t h e s e c o m p u t a t i o n s it w a s n e c e s s a r y to e v a l u a t e the func t ions 
Ui.-n). T z z ( ^ . P . 0), Tzz( '1. 1. 0. Teei-n, l.O, and Tg2(71, 1, 0. g iven in i n t e ­
g r a l f o r m by E q s . (67) and (70), for a l a r g e n u m b e r of c o m b i n a t i o n s of the 
a p p r o p r i a t e a r g u m e n t s . 

F o r any p a r t i c u l a r v a l u e s of the a r g u m e n t s e a c h of the d e s i r e d i n t e -

g r a l s was of the f o r m I F ( 7 ) d7. At f i r s t an a t t e m p t was m a d e to a p p r o x i -

m a t e t h e s e i n t e g r a l s with the c o m p u t e r by t r u n c a t i n g the i n t e r v a l (0,oo) to 
the finite i n t e r v a l (0,7o), eva lua t ing the i n t e g r a n d s F ( 7 ) at a n u m b e r of v a l u e s 
of 7 in t h i s i n t e r v a l , and apply ing the t r a p e z o i d a l r u l e . In o t h e r w o r d s , the 
i n t e g r a l s ove r an infinite r a n g e w e r e a p p r o x i m a t e d by finite s u m s . H o w e v e r , 
t h i s p roved not to be f eas ib l e b e c a u s e of the s low r a t e s of c o n v e r g e n c e ; the 
c o n t r i b u t i o n s of the i n t e g r a t i o n s ove r the r a n g e (70,"^) w e r e too l a r g e to be 
i gno red u n l e s s v e r y l a r g e v a l u e s of 7o w e r e s e l e c t e d . T h e s e l a r g e v a l u e s 
of 7o would have r e q u i r e d the c o n s u m p t i o n of an e x c e s s i v e a m o u n t of m a c h i n e 
t i m e to eva lua te the i n t e g r a l s for a l l the r e q u i r e d c o m b i n a t i o n s of the p a r a m ­
e t e r s . M o r e o v e r , an add i t i ona l c o m p l i c a t i o n lay in s ign i f i can t l o s s e s in a c ­
c u r a c y due to the s u b t r a c t i o n of a l m o s t equa l q u a n t i t i e s e n c o u n t e r e d in the 
eva lua t ion of some of the i n t e g r a n d s . 

The e s s e n c e of the t echn ique e m p l o y e d to o v e r c o m e t h e s e i n t e g r a t i o n 
d i f f icu l t ies was to w r i t e for each of the funct ions F(7) the iden t i ty 

/

CO /^OO r.00 

F(7) d7 = / F' '(7) d7 + / F(7) d7, 
•/o */o 

w h e r e 

F(7) ^ F(7) - F' '(7). 

E a c h of the funct ions F°(7) was c o n s t r u c t e d such that : (a) the quan t i ty F (7 ) 
a p p r o a c h e d z e r o a s 7 b e c a m e l a r g e m u c h f a s t e r than the funct ion F (7 ) did, 

so tha t n u m e r i c a l eva lua t ion of the i n t e g r a l I F(7) d7 was p r a c t i c a l ; and 
•^0 
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(b) the integral I F°(7) d7 was integrable in closed form. An insight into 

the cause of some of the numerical difficulties was obtained when it was 

found that some of the integrals I F°(7) d7 were expressible in t e rms of 
0 

the sine integral, cosine integral, and exponential integrals. These functions 
are very difficult to compute from their integral definitions, and, indeed, 
roundabout techniques are invariably employed in the standard computer sub­
routines for their evaluation. 

Having in this way successfully evaluated the inner integral of the 
double integrals formed by substituting Eqs. (67) into Eqs. (65) and Eqs. (70) 
into Eqs. (69), there remained the problem of the outer integrations. These, 
for the most part, were quite straightforward; the infinite interval of inte­
gration was approximated by a finite interval and Simpson's rule was em­
ployed to compute the resulting proper integrals. The contributions of the 
"tails" of the outer integrals proved to be significant when computing 
s t resses at points near the edge p = 1, (̂  = 0. With a knowledge of the 
asymptotic behavior of D(7]), these contributions were estimated and included 
in the final resul ts . 

The reformulations of the functions L( | , 7]), Tzz(i1. P. O), and 
Tzz(''1, 1. C). Tgg(7l, 1, O Tgz('n, 1, Q which were devised to facilitate their 
numerical evaluation are discussed in Sects. B, C, and D, respectively. 
These a re followed by discussions of: the solution of the integral equation, 
in E; the check of the solution, in F; the calculation of Tzz(l, 6, C). '' '99(1' 9. C). 
andTgz(l , 9, C). m G; and the calculation of Uz(P, 9, O), in H. 

B. Reformulation of the Kernel L(g,r)) of the Integral Equation 

The kernel L(C,7)) as defined in Eq. (67) is 

U,.,) . ^I\(l) gg){Ei(7,a). [g^). g(X)] F2(7,a).gg) ,(1) .3(7, a)} d7, 

(73) 

where 

Fi(7,a) = -a7^fi(7)/'^(7); 

F2(7, a) = -2a7^K(7) fz(7)/A(7); 

F3(7,a) = -7'K2(7)f3(7)/A(7). (74) 
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The function g is defined by Eqs. (58) and K by Eqs. (55), while fj, f2. ts-
and A are defined in Eqs. (61). Figures 12 and 13 are graphs of K and A . 
The parameter a, defined in t e rms of Poisson 's ratio by Eqs. (12), is in­
cluded as an argument of the functions F,, F2 and F3 for notational conven­
ience in the discussion that follows. Recall that fi(7) and A(7) by definition 
depend on a as a parameter . 
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Fig. 12. The Function K(7) Fig. 13. The Function A(7)/y^ for 
Poisson 's Ratios of 1/4 
and 1/2. 

Define 

F?(7, a) = -a; F2(7,a) = -207-1- 2a^; 

F5(7 , a) = 7 ^ + ( 1 - a ) 7^ + j (8a^- 16a +47)7 + ^(-4:0? + IZo? - 3a - 15), 

(75) 
and 

Fj(7, a) = Fj(7, a) - F J ( 7 , a), j = 1, 2, 3. (76) 

The F - are identical to the te rms in nonnegative powers of 7 which occur in 
the asymptotic expansions* of the functions Fj . Consequently, asymptotic ex­
pansions of the functions F; are given by 

*See Appendix B, Sect. 8. 
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Fj(7, a) ~ X Y^' j = 1, 2, 3. (77) 

Numerical values for the coefficients bjjn for Poisson 's rat ios of 1/2 and 
1/4 are given in Appendix B, Sect. 9- Figures 14- 17 a re graphs of Fj(7, l), 

I I I . I I I I I . I I I I I . I 

Fig. 
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F J ( 7 , 1), and F j (7 , l ) , j = 1,2, 3. It i s a p p a r e n t f rom t h e s e f i g u r e s tha t the 
i n t e g r a l s in E q s . (73) should be much e a s i e r to eva lua t e n u m e r i c a l l y if the 
F j funct ions a r e r e p l a c e d by the F func t ions . 

By m e a n s of E q s . (73) and (76) we can w r i t e 

Ut-n) = p [L ' ' ( ? , 7 ] ) + L(?,7],7o) + £ ( e , 1 , 7 o ) ] , (78) 

with 

-%. .) -^ [ . ( f ) S g ) f ! ( 7 , a) . [ < f ) ^ < f ) ] -^(7, a) . g ( f ) g ( l ) F0(7, a )}a7 ; 

L(?, Ti,7o) 

hi. -n. 7o) - J " g ( | ) g g ) { F t ( 7 , » ) 4 g ( j ) + g ( f ) ] F2(7,a) + g Q g ( ^ ) ^3(7. ct)Jd7. 

(79) 

The i n t e g r a l for L " can be i n t e g r a t e d exac t ly in^closed fo rm, L is e v a l u a t e d 
a p p r o x i m a t e l y by n u m e r i c a l t e c h n i q u e s , while L is c l o s e l y a p p r o x i m a t e d by 
r e p l a c i n g the F ; by t he i r a s y m p t o t i c e x p a n s i o n s and i n t e g r a t i n g in c l o s e d 
fo rm. 

1. Eva lua t ion of L°(g, r)) 

By m e a n s of E q s . (58), the following i d e n t i t i e s a r e e a s i l y ver i f i ed : 

<i).(i)Mt 2 2 \ - ' 
- 7) ) eg (^)-MT)]^ 

(t)«(̂ )[Kt)*<-̂ )] = '^'-"'••[<M^)-M?-)*^v(x)-,v(x) 

'm"^) ue-TfT' e-n 'id-H^)] ue-nT 
(80) 

We will a l s o m a k e use of the indefini te i n t e g r a l s ' ' 

*Empty s u m s a r e t aken to be z e r o . 
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7 2 ' ^ g ( a ) d 7 = (-l)"^7i^m+i a r c t a n i + ^ | ^ (^)'^'' 

,2m-l-l gg)d7 4(- l ) m 2m-l-2 

J = i 

log (7'-^7)2) + |¥&r 
v(^)^^4^"*'«(^)-iC"-i/-'"«(^)-- m = 0,1,2, (81) 

which can be checked by differentiation with respect to 7. 

The substitution of Eqs. (80) and (75) into the first of Eqs. (79) 
and the use of the integrals (81) evaluated at the proper l imits yield 

L^d,-,!) = i L ( . 4 a ^ - F 3 6 a ^ - l l a - 1 5 ) ^ 
ID F -t-

+ T^(-4a^-l- 12a^- 3a - 15) — 
16 ' ( g + 

g^7]^ 

? + 71 

| 2^2 

+ ^ ( 1 - a) 
4 ( 1 + 71) 

3 - 2aF(e,7)) 

-L (8a^ - 1 6a + 47) ^—^M' + 7]̂  - 4F(4. T))] 
I D I i= - n I 

+ - ^ ^ l i e + r ) ' ) F(e, 7)) - ? v ] . i / -n. 
(e-v'f 

wher 

F(?,7]) ^ 4 ^ 1 ° g - -. 2 2 

I -7] 

82 

(83) 

Either letting ^ = 7] in the first of Eqs. (79) and integrating, or applying 
L'Hospital 's Rule to Eq. (82), we have 

^"(V.V) = T ^ (-20a3-i-156a2-47a - 75) T) 

+ ^(8a^-64a-h47)7]2 + ^(1 -a) rf + ^^ 7)\ (84) 



48 

The quantity L°(|,7]) is much larger than L(?,7],7o) + E(?,'n,7o) except for 
small values of either ^ or 7). 

2. Evaluation of L( | , r) , 7Q) 

Two techniques were developed for numerically approximating 
the integral in the second of Eqs. (79), the first being suitable for desk cal­
culation and the second for use with the IBM-704. Results obtained for some 
combinations of 4 and 7) by the first technique were used to check the valid­
ity of the computer program. The dividing point 7o between the ranges of 
integration of L and L was taken equal to 10, since it was^ound that the 
asymptotic expansions used for the F; in the evaluation of L were suffi­
ciently accurate for 7 s 10. 

The first technique consisted essentially in dividing the interval 
(0, 10) into the subintervals (O, 1), ( l , 2), (2, 4), (4, 6), and (6, 10), and fitting 
polynomial approximations to each function Fj(7,a) in each subinterval. In 
order to fit the polynomials, the functions F; were calculated at a number 
of points in each subinterval by use of Eqs. (76), (75), (74), (55), (61), and 
tabulated values of the modified Bessel function." A fourth-order polyno­
mial was fitted to each Fj , Fj, and F3 in the interval (O, 1). However, from 
plots on log-log paper it was obvious that much better fits would be obtained 
for the other subintervals by fitting the fourth-order polynomials to 7" ' "Fj 
where m is an integer which depends on the particular subinterval and func­
tion being considered. The best value of m usually turned out to be the 
closest integer to the slope on log-log paper of the straight line connecting 
the endpoints of the function for the subinterval. Substitution of these ap­
proximations in place of the corresponding F; in the second of Eqs. (79) 
yielded integrals which could be evaluated in closed form for each subin­
terval in te rms of explicit functions of ^ and 7]. The only special functions 
which resulted were the logarithm and arc tangent, both of which are well 
tabulated.'*'"'' 

The second technique was to divide the interval (0, 10) into an 
even number of equal subintervals and to evaluate the integrand at each 
mesh point for the particular values of | , 7], and a being considered. Simp­
son's rule was applied to these values of the integrand, that is, it was a s ­
sumed that a parabola would be a good fit to each set of three consecutive 
points. In the computer evaluation of L(^, X]), subintervals of length 0.1 gave 
adequate accuracy; the FORTRAN library subroutine was used to compute 
the modified Bessel functions needed. 

In comparison, the first technique is much superior to the sec­
ond for hand computations with a desk calculator. Computing the values of 
the Fj and fitting the fourth-order polynomials to the ^ ' ' ^ F j take a lot of 
time, but this is only done once. Since the integration is done analytically. 
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the only numerical work remaining is to evaluate the resulting expression 
for each combination of (, and r] desired, taking advantage of the fact that 
L(?, T)) = L(7l, (,). Note that the functions g(7/?) and g(7/7i) appearing in 
Eqs. (79) a re not approximated. Since ^ and 7] enter the integrand only 
through these functions, the accuracy of the first technique should be essen­
tially independent of | and T). The only source of inaccuracy is in the poly­
nomial approximations to the F;; these approximations can be improved as 
much as desired by decreasing the lengths of the subintervals and/or in­
creasing the number of t e rms in the polynomials. By means of the second 
technique, however, although the values of the Fj(7, a) can be computed once 
and for all at each mesh point value of 7, the functions g(7/4) and g(7/r)) at 
each mesh point must be computed for each combination of ^ and 7), and a 
separate numerical integration must be performed each time. Moreover, 
the accuracy of the parabolic fits implied by the use of Simpson's rule will 
vary with ^ and 7]. (in the first technique the polynomial fits a re to the Fj 
functions alone; in the second, the parabolas are fitted to the entire 
integrand.) 

The reason for use of the second rather than the first technique 
for the digital computer work was simply ease of programming. It was be­
lieved that any disadvantage in inaccuracy could be overcome by increasing 
the number of subintervals. Incorporating the flexibility of a variable num­
ber of subintervals into the program for the second technique necessi ta tes a 
negligible amount of additional effort. It was feared that, for the small 
length of subinterval required for reasonable accuracy, the computing time 
necessary to evaluate numerically the integral for the 2850 combination of 
I and T) might prove to be exorbitant, and hence necessi tate the p rogram-
nning of the first technique. This did not prove to be the case, however. 

3. Evaluation of L ( i 7],7o) 

For 7 — 7o = 10, the asymptotic expansions for Fj, F2, and F3, 
indicated by Eqs. (77) and discussed in Appendix B, Sect. 9, are sufficiently 
accurate to warrant their use in the evaluation of C Substituting Eqs. (77) 
into the third of Eqs. (79), we have 

L(?,7i, 10) = X bim(a) f 7-"^g(|-)g(f)d7 
m=i Jio 

y*00 

( a ) / 7 - " ^ g ^ ( | ) g ^ ( ^ ) d 7 . 
*J 1 rt 

N2 

I 
m=i 

N, 

d7 

+ 2 .^3 
m=i 

(85) 
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We m a k e u s e of the i n t e g r a l s 

V(i)a-,^5|., [(..., H„(̂ J-.(̂ ) 

m = 1 ,2 , 3, ( 8 6 ) 

w h e r e 

1)J 
H2J-H(X) - ^2J-)-2 

1 V-
- - l o g {l+X^)+ 2^ 

( -1 )^ X ' 

2i 
0, 1, 2, 

H . (X) = - ^ 

i = i 

1)^ X^ 
j = 1, 2, 3 ( 8 7 ) 

U s i n g t h e T a y l o r s e r i e s e x p a n s i o n s f o r t h e l o g a r i t h m a n d a r c t a n g e n t * w e 
h a v e 

H (̂x) = X l i i ^ ! ! . N< 
"* i-> 2i + m -H 1 

1. m = 1, 2, 3, 

The funct ions Hm(X) sa t i s fy the d i f f e ren t i a t ion f o r m u l a 

X H ; „ ( X ) = -(m-t-1) Hj„(x)-^ g(x) 

and the r e c u r r e n c e r e l a t i o n 

1 
X'H^-H2(X) 

m + 1 
Hm(X), m = 1, 2, 3, . . . 

(89) 

(90) 

The r e l a t i o n s (89) and (90) can be c h e c k e d by use of the de f in i t ions (87) and 
(58); the i n t e g r a l s (86) can be v e r i f i e d by d i f f e r en t i a t i ng with r e s p e c t to 7o, 
us ing E q s . (89), and noting that 

g ( X - ' ) = X^g(X). (91) 

*See Ref. 20, pp. 91 and 92. 
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By E q s . (80) and (86) we have , for ? / 7], 

1 / ? V 
d7 = ^^nTT^^^2_^2^ / ;-"<« K̂ ) 

/,/-"Ki)«(^)t(i)*»(^)]" = s?-(i 

h-{iV-4i\ 
{m + 3 '«-ft)-^(i) 

fy-^il) ĝ (̂ )d7 = ,-^ ( ^ K(^) -H.(^)] 

m = 1, 2, 3, . . . (92) 

By le t t ing ^ = 7] in the left s ide of E q s . (92) and i n t e g r a t i n g , or by apply ing 
L ' H o s p i t a l ' s r u l e to the r igh t s ide of E q s . (92), we a r r i v e a t the i n t e g r a l s 
c o r r e s p o n d i n g to E q s . (92) for ^ = T]: 

rz7-,.(i)a-, = i^k*.)ta*3)3j.„„{^)-(„*3),(i)-z42i) 

r ^ ' M ^ ) ' ^ = i ^ | " ( m + l ) ( m + 3)(m + 5 ) 2 j H ^ ( ^ ) 
7o •-

>><^)-i""'«1f-»«*(^)} -(m-l-3)(m-H5) 

m = 1, 2, 3, . . . . 

Subs t i tu t ion of E q s . (92), (93), and (77) into (85) y i e ld s 

(93) 



52 

b , m ( a ) Utr^.yo) - fi^\ I ^ -U^{4-)+H^{-^) 

+ ^ ^ F 2 ( 7 „ , a ) <S-(^)] 
N 

z 4 ( m - l - 3 ) b 2 m ( a ) 

275"+' MiYM^) 
^4^4 ^ 2b3m(a) r„ (^] „ M i 

(e^-T l^ ) 

a n d 

M f̂l̂ ^̂ ^̂ "'̂ ^ 
^ 3 ( m - H ) b 3 „ ( a ) I 27S"+' 

L(7] ,7 i .7o) =̂  - T F i ( 7 o , a ) g 

N i 
( m - H ) b i m ( ° ^ ) 

2yS"+' 

(94) 

" " - ( • ^ ) 

^ F2(7o, a ) g' 
r°] C") ^ ("̂  + 3)b2m(a 
\ ~ ^ / ' S I T T / ^ 4-vJ"-' 

' ^ ' r ^ = , - ^ ' o 

N2 

+ 7)̂  X 
(m-t- l ) ( m - l - 3 ) b 2 m ( a ) / r) \ 

4-^m-H A^y 

• - ^ F 3 ( 7 o , a ) g^ & - .•& 1 
i ( m - ( - 5 ) b 3 m ( a ) 

r^, ^ 2 4 7 S " - ' 
' m = i 

( m - l - 3 ) ( m - t 5 ) b 3 m ( a ) 

4 8 7 ™ - ' 

-t 7)-= z i (m-l- l ) ( m - F 3 ) ( m - l - 5 ) b 3 m ( a ) 

4875" + ' » - ( * ) • 

(95) 
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In the program for the digital computer, the values of Hj and 
H2 were calculated from Eqs. (87), and the recurrence relation (90) em­
ployed for H3, H4, and so on. For arguments less than one, however, this 
procedure would resul t in subtraction of almost equal numbers ,* the accuracy 
in the value of Hj^ decreasing with increasing m. Therefore, for arguments 
in this range, the power ser ies (88) for Hm was used instead of Eqs. (87); in 
the computer program, Hm was calculated from Eqs. (88) for the largest odd 
and even values of m, and then the recurrence relation (90) was used to find 
the Hj^ for lower values of the order m down to Hj and Hj-** 

Figures 18, 19, and 20 are plots of L( | , 7̂ ), found from (78), (82), 
(84), (79), (94), and (95), for Poisson 's rat ios of l /4 and I /2 . 
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Fig. 18. The Kernel L(5, 7̂ ) as a Function of 7) 
for Various Values of ^(v = l /4) 

*The t e rms from the finite sums in Eqs. (87) exactly cancel the leading 
t e rms in the power ser ies expansions for small x of the associated 
logarithm and arc tangent. 

''"''Note that proceeding in the other direction, i.e., finding Hi and H2 from 
the ser ies (88) and using Eqs. (90) for higher values of m, would resul t 
in great loss in accuracy due to subtraction of almost equal nunabers. 
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Fig. 20 

Log-Log Plot of the Kernel 
L ( | , T)) as a Function of 7) 
for Various Values of (̂§,7) 
Large, v = l /4, l/2) 

C. Reformulation of Tzz('n. P. O) Needed for the Check of the Solution 

As discussed previously, the correctness of the solution of the 
integral Eq. (65), and thereby the correctness of the solution of the entire 
problem, will be verified if it can be shown that the boundary condition 

T^ziP.9. 0 = 2(2-a)Tgp-^ cos 29 on C = 0 

is satisfied. From Eqs. (69) we have that 

T§-z(P. 9. 0) 
Tg cos 29 

By Eqs. (70) 

D(7))[7)^n2(7],p)-)-Tzz(71.P, 0)] d7l. 

(96) 

(97) 

•M.p- O = Zz g(^) F4(7,P, a) + g^^) F5(7,p,a) cos yC, d7, 

(98) 
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w h e r e 

F4(7 ,p ,a . ) = - • | ^ j { [ ( a - H 2 ) f2(7)+f4(7)] G(7 ,P ) + K(7)f2(7) G'(7 , P)}; 

F 5 ( 7 , P . a ) = - ^ ) [ { [ 2 K ( 7 ) - 7 ' - 4 ] f3(7) + 4af2(7)} G(7, p ) + K^(7) f3(7) G'(7 , P)]-

(99) 

The funct ions K, g. A, iz. i^. i^. G, and G' a r e def ined by E q s . (55), (58), (61), 
and (68). Note t h a t P o i s s o n ' s r a t i o i s involved in E q s . (98) t h r o u g h the 
p a r a m e t e r a exp l i c i t l y [see E q s . (12)] and a l s o i m p l i c i t l y t h r o u g h A and i^. 

In o r d e r to e v a l u a t e the i n t e g r a l in E q s . (98), we u s e d m u c h the s a m e 
p r o c e d u r e a s in B above . To t h i s end, define 

_i_ 

F ° ( 7 , P , a ) ^ P" 'e- 'YR(a4i7+a4o); 

__i_ 

F ? ( 7 , P , a ) = p " ' e - ' ^ R ( a 5 3 7 ' + a527' + a5i7 + a5o). (lOO) 

with 

R = p - 1, (101) 

and 

a 4 i ( p , a ) = -2aR; 

a4o(p. 0.) = 2a j ; i - l - aR- fg i (p ) -pgKp) ] ; 

a53(p, a ) = R; 

a52(p, a) = - 1 -̂  ( 1 - a ) R - gi(p) -Hpgl(p); 

a 5 i ( p , a ) = a - 1 +^[S.a?- l&a-F47) R -1- ( a - 2) gi(p) + (1 - a ) p g ; ( p ) 

- g2(p) + pg2(p); 

a5o(p, a ) = -i(-2a^-f 12a - 15) +\{,-Aa?i- 12a2 - 3 a - 15) R 

+ | ( - 8 a 2 + 2 4 a - 5 5 ) g i ( p ) - F i - ( 8 a 2 - 16a-^47) pgKp) 

+ ((X- 2) g2(p) -I- (1 - a) pg;(p) - g3{p) + pg;(p). (102) 
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In E q s . (102) the gi(p) and gi(p) a r e coef f ic ien ts in the a s y m p t o t i c e x p a n s i o n s 
of G and G', and a r e given in Appendix B, Sect . 4. 

By r e f e r r i n g to Appendix B, Sect . 10, we see tha t F " and F " , def ined 
in E q s . (100), a r e the leading t e r m s in the a s y m p t o t i c e x p a n s i o n s of F4 and 
F5, r e s p e c t i v e l y . T h e r e f o r e , the funct ions 

F 4 ( 7 , P , a ) = F4(7, P , a ) - Fliy.P.a); 

Fi(y, pa.) = F5(7, p , a ) - F?(7, p, a ) (103) 

a r e much s m a l l e r than F4 and F5 at l a r g e v a l u e s of 7, and a r e m u c h e a s i e r 
to i n t e g r a t e n u m e r i c a l l y . Consequen t ly , we w r i t e 

.(7), AO) = T°z(T].P. 0) + T z z ( l , P . 0 , " ) (104) 

with 

T ° z ( ' 1 , P,0) = — 

Tzz ( ' 1 ,P , 0.7o) = 32 

g g ) F°(7, p , a ) + g ^ ^ ) F ? ( 7 , p , a ) l d 7 ; 

^z f ° g g ) F4(7 ,P . a) + g^(^) F3(7, P, a ) l , 

(105) 

The i n t e g r a l e x p r e s s i o n for T^zl^- P. 0) can be e x p r e s s e d in t e r m s of s t a n d ­
a r d spec i a l functions, while the i n t e g r a l for Tzz( '1, P. 0, " ) can be n u m e r i c a l l y 
i n t e g r a t e d much m o r e ea s i l y than the o r i g i n a l i n t e g r a l for T^zi''!. P. 0) g iven 
by E q s . (98). 

1. Evalua t ion of T°z (7], p, 0) 

The subs t i tu t ion of E q s . (100) into the fir st of E q s . ( I 0 5 ) y i e l d s 

^ Lm=o Jo m=o Jo 

(10b) 

Define 

Qmn(>') = 
Jo 

dt , 0, 1, 2, 3, (107) 
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Then, by a change in the dummy variable, it is easily shown that 

V ( ^ ) e - ^ ^ d 7 = ^ Q m n ( ^ R ) . (108) f 
J 0 

Differentiating Eqs. (108) with respect to R and 7) yields the recurrence 
relations 

Qm+i,n(x) = Qmn(x) - ^^ ĵ  Qmn(x) 

and 

Qm,n+l(x) = Qmn(x) - ^Q.\r.rM). (109) 

respectively.* We have from Ref. 21, p. 135, that 

Qoi(x) = x[sin X Ci(x) - cos x si(x)]; 

Q„(x) = -x^[cos X Ci(x) + sin X si(x)], (HO) 

where si(x) and Ci(x) are the sine and cosine integrals, respectively, 
defined by** 

^ 0 0 

si(x) = - j ^ dt; 

C i ( x ) - - / " - ^ d t . ( I l l ) 
J-x. 

Using Eqs. (109), (HO), and ( i l l ) , we find that 

•Although the information will not be used here, it is perhaps interesting 
to note the following propert ies of Qmn(x)' 
(a) Qmo(x) = 1 by the definition of the gamma function; 
(b) Q2n,n(x) = Q2n-i,n-(-i('') tor 7] > 0, which can be proven by manipulation 
of Eqs.' (107); and (c ) (m-H2) IQm-H2,n(x) = m.'x^[Qm,n-i(x) - Qmn(x)]-

"•See, for instance, Ref. 15, p. 145. 
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Qo2(x) = i[Qoi(x)-l-Q,i(x)]; 

Qi2(x) = i - x ' [ l - Q o i ( x ) ] ; 

Q22(x) = | x ^ [ Q o i ( x ) - Q u ( x ) ] ; 

Q32(x) = - | -x ' [Qi i (x)-Qi2(x)] . (112) 

F i g u r e 21 is a plot of the Qmn(x) in E q s . ( l lO) and (112). Note tha t , by 
E q s . (108) and (58), 

Qmn(O) n > 0, 

and by the a s y m p t o t i c e x p a n s i o n s d i s c u s s e d in Appendix B, Sect . 11, 

Qmn(~) = 1-

(113) 

(114) 

1.0 

0.8 

i 0.6 
E 

° 0.4 

0.2 

' 1 ' 1 ' 1 ' 1 

0,1 7'SP'^^' '^ 
/ / / ^ y ^ ^ 

^ i < 1 A 1 1 1 

' 1 ' 1 ' 1 ' 1 

^^^<V^° I2 

O32 

1 1 1 1 1 1 , 1 

1 '_ 

^^^^ 

-

1 ," 

F i g . 21 

The F u n c t i o n Qmn(x) 
for V a r i o u s m and n 

I 2 3 4 5 6 7 

T L ( I , P, 0) 

Subst i tu t ing E q s . (108) into Eq. (106), we a r r i v e at 

Z ^ ^ T I a4m(p.a) Qmi(7)R)+ Z j,™+i a5m(p.a ) Qm2(7lR 

(115) 

T T 2 V ^ 

with the a4m and asj-^ being given by E q s . (102), and the Q mn by E q s . ( l lO) 
and (112). The c o m p u t e r eva lua t ion of the Qmn(x) for l a r g e x is d i s c u s s e d 
in Appendix B, Sect . 11. 

2. Eva lua t ion of Tzz(7), P, 0, 00) 

Since c o m p u t e r i n t e g r a t i o n over an infini te r a n g e is i m p o s s i b l e , 
the a p p r o x i m a t i o n 

Tzz (7]. P. 0, ") = T Z Z [ T ] . P . O , 7 O ( P ) ] (116) 
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will be made [see the second of Eqs. (105)].^ It is apparent from (103), (lOO) 
and ( B - 5 1 ) that the functions F^(y,p, a) and F5(7, p, a) which appear in the 
integrand of T^z have the asymptotic expansions 

Fj(7,P,ct) ~ e-^(P- ') X bjm(p. a) 7-"^, j = 4, 5. (117) 
m = l 

Unless p is very close to unity, the exponential factor will cause F4 and F5 
to go to zero very rapidly with increasing 7. Therefore,* the approximation 
(116) is a very good one. For p a 2, 7o was taken to be ten; for 1 £ P < 2, 
7o(p) was taken large enough to make F4(7o,p , a) and F5(7o, p, a) negligible. 
The integrand was evaluated at 7 intervals of 0.1 and Simpson's rule applied 
to these values in the computer program for Tzz^Tl' P' 0. 7o)-

D. Reformulation of Tzz("0, t. C). Tgg(7j, 1, g )• and Tgz(7], 1, Q Needed for the 
Calculation of the Stress Distribution on the Hole 

The nonzero s t r e s ses on the hole for the pure shear problem are 
T S (1, 6, 0. -rS (1, 6, C), andT§ (1, 9, C). By Eqs. (28) and (27) we have 

Tf^d, 9, 0 = TPz( l , e )+TRz( l , e, 0 = 2 ( a -2 ) Tg cos 26 -̂  TRZ(I , 9, ?); 

T fgd , 9,C) = T^gd, 6)+TRg(l , 9, 0 = -4TSCOS 29+TRg( l , e , O; 

rfzi^.e.O - r^zi^.e)+rfzihe.Q = T R Z ( 1 , 9 , 0 . (118) 

By definition 

_R = _R , _R , T-R h i g ) 
^DD - ^ r r +^ee +~zz ' '.'•'-^1 

so that 

rfgiue.Q = ^ § 0 ( 1 , 9 , O - T ^ z d . e.C), (120) 

since T^r(l ' 9. 0 is zero by boundary condition (29). As the expression for 
TDD is somewhat simpler than the expression for TRQ, it was decided to 
calculate T^z(l ' ^' 0. T%jy(l, 9, C), andT^z( l . 9> 0. and then to findTgg(l, 9, Q 
from the first two of these by means of Eqs. (120). 

F rom Eqs. (69) we have 

•Note that by Eqs. (58) g(7/7l) < 1 for all 7 . 
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Tg cos 29 

^SD(1' -̂ 0 
T g COS 26 

^ ^ z ( l ' ^ . g ) 
Tc s in 2 9 

D ( 7 ) ) r | V ( l + T , C ) e - ^ ' ^ + T z z ( ^ . 1, C) 

^7i^e-'^'^+TDD(Tl. 1 . 0 

d7), 

( 4 - a ) / D(7)) 

7o 

d7]; 

D(7,)[^ 7]3^e-'l^+Tg^(7], 1, C) 

in which the Wronsk i an f o r m u l a * 

QA-n. 1) = 2/7T71 

has been used . R e f e r r i n g to E q s . (70) we see that 

(121) 

(122) 

Tzz (^ . 1, 0 

T D D ( ' 1 . 1 - C ) 

T0z(^ , 1, 0 

F5(7, 1, a ) COS7C d7; = ^zj [ g ( ^ ) F 4 ( 7 , l . '^) + g ' g ) F5(7, l , a ) j co 

= ^ / [ s f t ) ^ ^ ' " ^ ' l . a ) + g ^ ( X ) F , ( 7 , l , a ) j c o s 7 C d y 

= i ] [ g ( ^ ) F B C ^ ' l ' - ) + g t ^ ) F , ( 7 , l , a ) j 
s in 7g 

7 
(123) 

whe re g(x) is defined by E q s . (58), F4(7, p , a ) and F5(7, p, a) a r e def ined by 
E q s . (99), and 

2a7^f2(7) , 
F6(7, P, a) ^ - ^ ( ^ ) G ( 7 P); 

TT / ^ - 7 'K(7) f3 (7) 
F7(7. P, a) = TT-T G(7, P); A (77 

a 7 
F8(7 ,P . a) = ^Xe7) {4[af2(7) + £4(7)J G(7, P)+K(7)[-f i (7) + 4f2(7)] G ' (7 ,p ) ) ; 

2y2 
F , (7 , P, a) = ^ - ^ ^ {[- (7^ + 4) f3(7) + 4af2(7)] G(7, P) + K^(7)[f 3(7) - af2(7)] G' (7, P)}. 

(124) 

•See E q s . (49) and Ref. 15, p. 79. 
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The funct ions K, A, f2, f3, f4, G, and G' a r e def ined in E q s . (55), (61), and (68). 
Le t t ing p = 1 in E q s . (99) and (124) and us ing E q s . (68) we find 

F4(7. l . a ) = - ^ {[a + 2+K(7 ) ] f2 (7 ) + f4(7)}; 

F5(7, 1, a ) = - ^ j {4af2(7) + [K^(7) + 2K(7) - 7 ^ - 4 ] f3(7)}; 

F , ( 7 . l . a ) = - ^ t 2 ( 7 ) ; 

F7(7, 1. ct) = - ^ ^ K(7) f3(7); 

ct'V ^ 
F8(7, l , a ) = J^yj {-K(7) f i (7)+ 4[a-HK(7)] f2(7)+ 4f4(7)}; 

F , ( 7 . l . a ) = g ^ { a [ 4 - K ^ ( 7 ) ] f 2 ( 7 ) + [ K ^ ( 7 ) - 7 ^ - 4 ] f 3 ( 7 ) } . (125) 

P r o c e e d i n g a s in S e c t s . B and C above , we define 

Fj (7 , l , a ) = F j (7 , 1, a) - F?(7, 1. a), j = 4, 5, . . . 9, (126) 

w h e r e F° w i l l be t a k e n to be the t e r m s in nonnega t ive p o w e r s of 7 in the 
a s y m p t o t i c e x p a n s i o n for the c o r r e s p o n d i n g F j . T h e r e f o r e , r e f e r r i n g to 
Appendix B, Sec t . 12, the F j a r e defined a s 

F5(7 , 1, a) S 2a; 

F»(7, i , a ) = - 7 ^ -H ( a - 1 ) 7 +-^{-2a^+ 1 2 a - 15); 

F°(7, l , a ) = 2a; 

F?(y, I,a) = - 7 ' - l i - ( 2 a - 1) 7 - ^ ^ ( - 4 a ^ + 6a - 15); 

Fg(7, l , a ) = a [ 7 + ^ ( - 8 a - H 5 ) ] ; 

F 5 ( 7 , l , a ) = 2 ( a - 1 ) 7 ^ + (-2a^-H3a) 7 + • j (4a^- lOa^- 3a). ( l27 ) 

Note tha t the f i r s t two of E q s . (127) a r e equ iva len t to le t t ing p = 1 in 
E q s . (100). 
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with 

and 

Substituting Eqs. (126) into Eqs. (l23), we have 

Tzz(l , 1. C) = T°Z(T), 1, a + Tzzi-n. 1, C, -); 

TDD(-n. 1. 0 = T D D ( ' 1 . 1. 0 + TDD(r), 1, C <») 

Tez('l. 1 .0 = T^z(^. 1, C) + Tgz(71, 1,C, - ) , 

T°zz(^. l.C) 

(128) 

d7; •^izf [g(^) F°4(7, l . a ) + g^(^) F°(7, l , a ) ] c o s 7 r 

ThDir,. 1. C) - ^ r [g(^)F°6(7. 1, a) + g ' Q F?(7, 1, a)j cos 7^ 

Tgz(̂ . 1. O - ^ J " [gg) F°(7, 1. a) + g^g) F°(7 1. a)j ^ d7. 

cos 7? d7; 

T2z(^. 1.^.7o) 

(129) 

cos7C dY; 

Tgz(^. I .e . 

g(^)F4(7 , 1. a) + g ' (^) F3(7, l . a ) 

g(^) F j 7 . l , a ) - ^ g 2 Q F7(7, l , a ) COS7C d7; 

C.%) .^,p^,[2.)r,iy. l . a ) + g ^ g ) K,(7, 1, a ) j ^ d 7 . 

T D D ( I . i.C.^o) -—2 

(130) 

The integrals in Eqs. (129) can be expressed in te rms of standard functions. 
Since by Appendix B, Sect. 13, the Fj are all proportional to 7 " ' for large 7, 
the integrals in Eqs. (130) are much easier to evaluate by numerical tech­
niques than the original integrals in Eqs. (123). 
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1. Evaluation of Tzz (^. ^•O.Tooir], 1, C). and T°z (n L O 

Define the auxiliary functions 

S W x ) ^ ^ | " t " ^ g n ( a s i n ( t - ^ ) d t ; m = 0, 1, 2, ... 2n - 1; 

n = 1,2,3, ... (131) 

and 

Cmn(x) - | - r f ^ g " ( ^ ) cos ( t - ^ ) d t ; m = - 1, 0, 1, 2, ... 2n - 1; 

n = 1,2,3 (132) 

The factor l /ml has been included in the definition of Smn(x) as it was in 
that of Qmn(x) [see Eqs. (107)] since thereby Smn(x) - land Qmn(x) -* 1 as 
X -» 00, as is shown in Appendix B, Sects. 11 and 14. Including the same factor 
in the definition of Cmn(x) would create difficulties, however, since ml is 
not defined for m = - 1 , whereas the integral in Eqs. (132) does exist for this 
value of m. Moreover, Cmn(x) does not possess an asymptotic expansion of 
the same type as Smn(x) and Qmn(x), whose expansions are very similar in 
appearance, and the inclusion of a l /m! factor would not "normalize" the 
large-argument behavior of Cmn- Note that, for both Smn and Cmn. m must 
be less than 2n - 1 for the integrals to exist. 

F rom the definitions (131) and (132) and integration by parts , it 
can be shown that the functions Snin(x) satisfy the same recurrence re la ­
tions (109) as Qmn(x). whereas the Cjnn(x) satisfy the recurrence relations 

+i,n(x) = (m + 1) Cmn(x) - xCinn(x); Gm-Hi 

Cm,n+l(x) = Cmn(x) - - ^ C i n n ( x ) . (133) 

By changing the dummy variables in Eqs. (131) and (132), it is 
easily shown that 

d7 = - ^ , S^^i-nt:); r ^ m g n g j L ^ I | i r 3 i , 7 ? . 3in ^ cos 7i;j 

r 7 m g n m L i n i | I I s i n 7 C + c o s i | 2 c o s 7 C l d 7 = — HTTT Gmn('^'^)-
(134) 
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By E q s . (129), (127), and (134) we have 

(-Za^+ 12a- 15) 
T°z(^. 1 . 0 = V 

T|5D(71, 1, C) 

T^z(^. 1 

^Co.(nC) + J3C22(7ia + ' " ' " '^l' Co2(7)0 i] ^ ^ ^ 3.2(7,0; 

| [ f Coi(7,a.^3 C22(.C).<-^"^^g-^^^ C„2(7,C)] . ^ - i ^ 5.(7,0; 

O = ̂ r | (8a^- 5a) C.,, l (7 l0-^^^^^ C,2(7iC) 4 (-*<=''+ 1°«'+ ^^' C.,,2(7,0] 

+ : ;^ |so i (7,a+(-2a + 3)So2(7ld- 135) 

The i n t e g r a l s for C_i^i(x) and Soi(x) a r e g iven in Ref. 21 , p . 65. 
The e x p r e s s i o n s for the o the r c o m b i n a t i o n s of m and n tha t a r e n e e d e d can be 
ob ta ined f rom use of the r e c u r r e n c e r e l a t i o n s for Crnn and Sj-̂ -ij.̂ . As a r e s u l t , 
we have 

C_i , , (x) = e - x - 1; 

Coi(x) = x e'"''; 

C. , ,2(x) = ^ ( x - H 2 ) e - x - 1; 

Co2(x) = • i -x (x+ l )e -X; 

Ci2(x) = i x ^ e - ^ ; 

C22(x) = ^ x ^ ( x - 1) e- (136) 

a n d 

Soi(x) = -l-x[e-x E*(x)-FeX E,(x)] ; 

Sii(x) = i x ' [ e - x E * ( x ) - e X E , ( x ) ] ; 

So2(x) = ^[Soi(x)- lSi i (x)] ; 

Si2(x) = jx^[Soi (x) - 1]. (137) 

The exponent ia l i n t e g r a l s E * and Ei a r e defined in Ref. 15, p. 143: 

E * 
/

" - t f^ - t 

^ dt; Ei(x) - j £ ^ 

d t . (138) 
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F i g u r e s 22 and 23 a r e g r a p h s of the Smn and C m n funct ions l i s t e d in 
E q s . (136) and (137). 
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F i g . 22. The F u n c t i o n Smn(x) 
for V a r i o u s m and n 

2 3 4 5 6 7 8 9 10 

F i g . 23 . The F u n c t i o n Cmn(x) 
for V a r i o u s m and n 

R e f e r r i n g to the i n t e g r a n d s in E q s . ( l 2 l ) , we find f r o m 
E q s . (128), (135), and (136) tha t 

|-7i3(l -1-7, 0 e-^*^ + Tzz(T,, 1, O = ̂ [i-nX + {-Za} + 12a - 15) r)K 

-H(-2a^ + 2 0 a - 1 5 ) 7,] e ' l U ^ ^ ^ | ^ S,2(TIQ + Tz^(71, 1, C <»); 

| 7 , ^ e - ' l ? + T D D ( ^ . 1. 0 = ^[Zr)K^\(-io} + ba-l5)n^^ 

+ i ( -4a^ + 22a - 15) 71] e-^*^ + ^ ^ ^ ^ ^ ^ Si2(7,C) + TDD(71, 1, C, 00); 

^Ti^r e-'l^ + Tfl,(7i, 1 , 0 =-{[471^(;-f(-4a^+10a-(-3)7i(;]e-'l^ 

+ 4 ( 2 a ^ - 9 a + l ) ( l - e - ^ ^ ) } + ^ [ S o . ( 7 l O + ( - 2 a + 3 ) S o 2 ( 7 , C ) ] + T e z ( n l . C . » ) . 

Since a d e q u a t e c o m p u t e r s u b r o u t i n e s for the e x p o n e n t i a l i n t e ­
g r a l s w e r e not a v a i l a b l e , the Sinn(x) w e r e c a l c u l a t e d f r o m t a b u l a t e d v a l u e s 
of E * and E j . " ' ^ ^ F o r the a s y m p t o t i c e x p a n s i o n of Smn(x) . s ee Append ix B, 
Sect . 14. The t e r m s in e-'OC in E q s . (139) o£ c o u r s e p r e s e n t no c o m p u t a ­
t i ona l d i f f i cu l t i e s . The c a l c u l a t i o n of T^z , f D D . and f e z i s d i s c u s s e d nex t . 
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2. E v a l u a t i o n of fzzJri. L C "')• TDD(r,. L C «>). and Tf;z(^. L C -") 

T h e s e i n t e g r a l s , defined in E q s . (130), w e r e n u m e r i c a l l y e v a l u ­

a t ed on the c o m p u t e r . The a p p r o x i m a t i o n s 

f z z ( ^ . 1. C.-) = T z z h . 1. 0 7 0 ( 0 ] e t c . , (140) 

for suff ic ient ly l a r g e 7o w e r e m a d e to m a k e the c o m p u t a t i o n s f e a s i b l e , i . e . , 
the n u m e r i c a l i n t e g r a t i o n was p e r f o r m e d ove r the finite i n t e r v a l J O , 7o) 
r a t h e r than the infini te i n t e r v a l (O, oo). The funct ions F4 t h r o u g h F , w e r e 
c o m p u t e d f r o m E q s . (126), ( l25) , and ( l27) for 0 £ 7 £ 10; for 7 > 10 the 
a s y m p t o t i c e x p a n s i o n s for 7 ' ^ A ( 7 ) F J ( 7 , 1, a) , j = 4, . . . 9, d e r i v e d in A p ­
pendix B, Sect . 13, w e r e u s e d along with the e x p a n s i o n for 7 ' ^ A (7) g iven by 
( B - 3 3 ) . In th i s way the s u b t r a c t i o n of a l m o s t equa l m e m b e r s i n h e r e n t in 
eva lua t ing the F j f rom the def ini t ion (126) for l a r g e 7 was avo ided . The 
n u m e r i c a l i n t e g r a t i o n was p e r f o r m e d by u s e of S i m p s o n ' s r u l e with i n ­
c r e m e n t s for 7 of 0.1 in the i n t e r v a l 0 s 7 s 10 and of 0.2 in the i n t e r v a l 
10 < 7 £ 100. The con t r i bu t ion of the i n t e g r a t i o n o v e r the i n t e r v a l 
100 < 7 £ 2000 was c a l c u l a t e d for a few v a l u e s of (̂  and found to be n e g ­
l igible c o m p a r e d to the i n t e g r a t i o n over 0 £ 7 S 100, so 7o in E q s . (140) 
was t aken to be 100. 

E . N u m e r i c a l Solut ion of the I n t e g r a l Equa t ion for D(7) ) 

The n u m e r i c a l eva lua t ion of the k e r n e l L(?, 7)) of the i n t e g r a l e q u a ­
t ion (65) h a s b e e n d i s c u s s e d in Sect . B. In brief , for any c o m b i n a t i o n of 
I and T) the k e r n e l L can be c a l c u l a t e d by m e a n s of the c o m p u t e r t h r o u g h 
the u s e of E q s . (78), (79), (82), (84), (94), and (95); a c c o r d i n g l y , L ( | , 7,) wi l l 
be c o n s i d e r e d to be a ( n u m e r i c a l l y ) known funct ion. 

F o r conven ience we r e p e a t the i n t e g r a l E q s . (65): 

D(7])7I'Y(7I) = i l i j i ^ + r " D ( e ) L ( | , 7 l ) d ^ (141) 

Since by E q s . (58) 

g(y/7l) = 0 at 7) = 0, (142) 

it follows f rom E q s . (67) that 

L ( ^ , 0) = 0; (143) 

f rom E q s . (66) and Ref. 13 (or see Appendix A, Sec t . 4), we have 

7]^Y(7)) = 64/7T^ at 71 = 0. (144) 
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H e n c e , f r o m E q s . ( l 4 l ) , (143), and (144) 

D(0) = ( 2 - a ) 7 T / 8 . (145) 

It w a s d e c i d e d to d e t e r m i n e 0(7,) n u m e r i c a l l y a t an a d d i t i o n a l 75 v a l ­
u e s of 7], deno ted by 7,j, j = 1, 2 75. The 7ij w e r e t a k e n to be a s fo l lows: 

Tlj = 0.25J, j = 1, 2, . . . 20; 

7)j = 0.5j - 5, j = 21 , 22, . . . 30; 

T)j = j - 20, j = 31, 32, . . . 40; 

7ij = 5j - 180, j = 41 , 42, . . . 56; 

7]j = lOOj -5500 , j = 5 7 , 5 8 , . . . 75; (146) 

in o t h e r w o r d s , the i n t e r v a l (O, 5) w a s c o v e r e d in s t e p s of 0.25, the i n t e r v a l 
(5, 10) in s t e p s of 0.5, the i n t e r v a l (lO, 20) in s t e p s of 1, the i n t e r v a l (20, lOO) 
in s t e p s of 5, and the i n t e r v a l (lOO, 2000) in s t e p s of 100. 

S i m p s o n ' s r u l e was app l i ed to e v a l u a t e the i n t e g r a l / D ( | ) L ( | , r ) j ) d 5 

Jo 
in Eqs. ( l4l) , i.e., the integral was replaced by a weighted sum of the inte­
grand evaluated at various values of i- These values of 5 were taken to 
be the same as the values of 7, given in (146). Consequently, Eqs. ( l4 l ) was 
approximated by 

D(7ij) 7)ĵ Y(7,j) = ^ % ^ + 5 w(4.) D(?i) L(li , Tlj), 1, 2, 3, ... 75, 

(147) 

where the w(^i) a re the weighting factors appropriate to Simpson's rule. 
Eqs. (147) represent 75 simultaneous algebraic equations in the 75 unknowns 
D(7). ). The solution of these 75 equations is a routine computer job, par t ic ­
ularly as the diagonal t e r m s of the resulting matr ix- invers ion problem a re 
large compared to the off-diagonal t e r m s . 

The function Y(71J) appearing in Eqs. (l47) and defined by Eqs. (66) 
was computed for 0 < 7ij == 10 using (A-8) along with the l ibrary subroutines 
for the appropriate Besse l functions; for Tlj > 10 the asymptotic expansion 
given in Appendix B, Sect. 2 was employed. Figure 24 is a graph of Ti Y(7,). 
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using 
in the 

The computer solution of the 
integral equation, which included the 
evaluation of L ( ^ , TI) of (78) for 
2850 combinations of (|, T)), the 
evaluation of Y(7I) at 75 values of 71, 
and the solution of the resultant 
75 simultaneous Eqs. (l47) took 
slightly less than half an hour with 
the IBM-704 for each value of 
Poisson 's ratio. An initial attempt 
to solve the integral equation through 
direct evaluation of the definition (67) 
of L took more computer time than 
this for only 27 values of TJJ (or 
378 combinations of Cj and Tlj). More­
over, the values of L ( 5 , 7 I ) obtained 

Eqs. (67) were less accurate than those obtained by determining L 
way discussed in Sect. B above. 

Fig. 24. The Function 7]̂ Y(7]) 

Figures 2 and 3 are plots of D(7I) and 7I''D(7)), respectively, for 
Poisson's ratios of 1/4 and 1/2. Fron^ Fig. 3 we see that 

D ( 7 I ) c(v) T) (148) 

with 

: ( i ) = 0 .322; 

:(i) = 1.260 (149) 

approximately. The slight deviations a.vja.y from this behavior for large 7} 
are probably due to truncating the numerical integration over 71 at 2000. 

F. Numerical Check of the Boundary Condition on Tzzip. 9.0) 

With reference to the formulation of the pure shear problem, the only 
boundary condition (20) which is not automatically satisfied for any suffi­
ciently well-behaved function D(r)) is the condition that the normal s t r e s s on 
the surface z = 0 must vanish. Expressed in t e rms of the residual problem 
this becomes the condition given by Eqs. (96). 

From Eqs. (97) and (l04) we have 

^g-z(P.9,0) 
Tg cos 26 D(Tl)[7l''fi2(7). p l - TL(^. p,0) + f ^ J r i , p , 0, " ) ] dT), 

(150) 
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with n2 given by Eqs. (49), T°z by Eqs. (115), and Tzz by Eqs. (105). As 
discussed in Sect. C.2 above, Tzz(7l, p, 0, <») will be approximated by 
TZZ(T), p, 0,7o)- We can then write 

^g-z(P.9,0) 
Tg COS 29 

0 

D(7l)[71^n2(71,p) + T°z (T l . P, 0 ) ] d T l 

D(7]) Tzzi'n.P. 0, 7o) d71 + I D(7]) 71*f22(T,. p) d7i 

r> CC /'OO 

+ D(7i) T ° 2 ( 7 i , p , 0)d71 -I- / D ( 7 l ) f z z ( T l . P . 0,7( , )d71, 

Jei Jez (J51) 

where Sj and £2 may depend on p in general. 

The values of p at which the boundary condition was checked are 
those listed in Tables I and II. Numerical integration based on Simpson's 
rule was used to compute the first two integrals in Eqs. ( l5l) . For all p 
values £2 was taken equal to 20; for 1 £ p £ 1.2, a value of 100 was taken 
for Ep for p > 1.2, again a value of 20 was taken for e^. Thus we have 

N(p) 
r){-nW^zi-n, P) + TO^(7I, P, o)] d7i = 2 , '"('^j' D('nj)[^jf^2(Tij. P) + T°^(71J,P, O)], 

j=' (152) 

with 

N(p) = 56, 1 £ p £ 1.2; N(p) = 40, p > 1.2. 

The asymptotic expansion derived in Appendix B, Sect. 3, was used to com­
pute ^2(7,. P) tor 7]p > 20. The Tlj are those given by Eqs. (l46), the w(7jj) are 
the appropriate weighting factors for Simpson's rule, and the D(71J) are the 
resul ts of the numerical solution of the integral equation. Similarly, 

I D ( 7 l ) f z z ( T l . P . 0 , 7 O ) dT] = 2 , w(71j) D(71j) f z z ( T l j . P. 0 , 7 o ) . ( 1 5 3 ) 

Jo j = ' 

As p increases , the period of the oscillations of the function Cl^KH. p) 
becomes shorter , as may be seen in Fig. 25. The points 7)j at which D(TI) 
were determined are too widely spaced to follow these oscillations, and the 
sum in Eqs. (l52) is a very poor approximation of the integral when p is 
large. Therefore, for p a 2, the quantity 7l*f̂ 2(T). p) was calculated at r] 
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intervals of 0.01. The function D(7I) was estimated at the intermediate 
values of 7) in each of the intervals (TJJ-I, 7)j + i), j = 1, 3,5, ... 39, by 
passing a parabola through the known values D(T)J_I), D(r)j), and D(7]J-(-I). 
The trapezoidal rule was then applied to these small r) intervals to 

, 2 0 

evaluate / D(7)) -n^n^irj, p) dT,. 

P-

i I I 
0 I 2 3 4 5 6 7 8 9 10 

V 

Fig. 25. T)n2(7i, p) as a Function of 71 
for Various Values of p 

In the evaluation of the remaining three integrals in Eqs. ( l5l) , it 
was assumed that the asymptotic representation (148) for D(7i) was valid 
for 7} > e 1 and T) > £2- Since Tzz approaches a constant value for large rj, 
it is easily shown that 

D(TI) TZZ (7,, P. 0, 7o) d7l = ©(£2"^). (154) 
' £ 2 

It was believed that the ^ r ro r introduced by neglecting this quantity would 
be less than the e r ror inherent in the numerical integrations. 
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If £iR is large enough,* then, for 7, >£;, the quantities Qmn(T)R) 
appearing in the representation (115) for Tgz can be replaced by their 
asymptotic expansions (see Appendix B, Sect. l l) . In that case, since 
0(7)) ~ c(v) T]'* for 7) > £1, we can show that 

^ 0 0 

/ D(7i)T°z(T, ,p , 0)d7i = O ( e i R ) - ^ (155) 
Jei 

For most values of p at which the boundary condition was checked, the 
quantity £iR was large enough so that a) the asynnptotic expansion for the 
Qmn were valid and b) the error introduced by neglecting the integral in 
Eqs. (155) would be no larger than the other errors in the numerical 
procedure. The two values of p that are an exception to this are p = 1 and 
p = 1.02. The estimation of the integral in Eqs. (l55) for p = 1 will be 
discussed later. The integral was neglected for p = 1.02, although no 
estimate was available for the error in doing so. Note from Tables I and II 
that the deviations between the calculated and theoretical values of the 
boundary stress are greatest at p = 1.02. This may well be due, not to 
inaccuracy in the solution of the integral equation for D(7)), but to not taking 
£1 large enough in the stress calculation at p = 1.02. 

Substituting the asymptotic expansion for Qzij], p), derived in Ap­
pendix B, Sect. 3, into the third integral in Eqs. (l5l) and replacing D(7I) 
by its large argument behavior (148), we obtain 

156) r D ( 7 l ) V n 2 ( . . p ) d . ~ ~ ^ r I ^ ^ C O s ( 7 l R - i | Z l ) d . 

Jci •^VP Jci m=o ^ ' 

or, interchanging the order of integration and summation, 

r D(7l)71^.2(.,p)a71 ~~ - ^ I ( - y f ^ " - ^ ^ ' ^ ^ ' ^ ^ " ^ 
•^ e, TTVp m = 0 

w h e r e 

/"X / jnTrN 
/ cos It - —r-j 

Wm(' ' ) ^ ^' / ,m+ i ^'- "^ = 0. 1. 2 ••• • (158) 

^ 0 0 

From the definition ( i l l ) of the cosine integral, we have 

Wo(x) = Ci(x), (159) 

•Recall that R = p - 1. 
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w h e r e a s i n g e n e r a l 

W , = Ci(x) - X 
J- ^ 1 " ^ - ^ ^ ) 

.J + ' 
1, 2, 3 : i6o) 

T h e r e l a t i o n s ( l 6 0 ) m a y b e v e r i f i e d b y s u b s t i t u t i n g E q s . ( 1 5 8 ) f o r W m ( x ) a n d 

d i f f e r e n t i a t i n g w i t h r e s p e c t t o x . B y m e a n s of t a b u l a t e d v a l u e s , t h e c o n ­

t r i b u t i o n ( 1 5 7 ) w a s e v a l u a t e d f o r t h e r e q u i r e d v a l u e s of p a n d a d d e d t o t h e 

c o m p u t e r r e s u l t s f o r E q s . ( l 5 2 ) a n d ( l 5 3 ) . O n l y a f e w t e r m s of t h e s e r i e s 

i n E q s . ( l 5 7 ) a r e n e e d e d s i n c e f o r s m a l l R t h e q u a n t i t y R"^ b e c o m e s v e r y 

s m a l l a s R i n c r e a s e s , w h i l e f o r l a r g e r R , t a k i n g i n t o c o n s i d e r a t i o n t h e 

v a l u e s of £i t h a t w e r e c h o s e n , t h e W j ^ ( £ i R ) b e c o m e v e r y s m a l l a s m i n ­

c r e a s e s . T h i s i s b e c a u s e t h e s e r i e s s u b t r a c t e d f r o m C i ( x ) i n E q s . ( 1 6 0 ) i s 

e q u a l t o t h e f i r s t m t e r m s i n t h e a s y m p t o t i c e x p a n s i o n of C i ( x ) ( s e e A p ­

p e n d i x B , S e c t . 15) . 

A t p = 1 t h e t h i r d a n d f o u r t h i n t e g r a l s i n E q s . ( l 5 l ) m u s t b e c o n ­

s i d e r e d t o g e t h e r s i n c e e a c h i n d i v i d u a l l y b l o w s u p ^ a t t h i s v a l u e of p . In 

E q s . ( 1 1 5 ) fo r T z z t h e t e r m s w i t h c o e f f i c i e n t s a53 a n d a52 a r e t h o s e w h i c h 

u p o n s u b s t i t u t i o n i n t o t h e f o u r t h i n t e g r a l i n E q s . ( l 5 l ) p r o d u c e n o n z e r o 

r e s u l t s f o r p = 1; f r o m E q s . ( l 5 7 ) a n d t h e f o o t n o t e b e l o w , w e s e e t h a t i n 

t h e a s y m p t o t i c e x p a n s i o n of fij o n l y t h e t e r m c o r r e s p o n d i n g t o m = 0 w i l l 

b e of i n t e r e s t , s i n c e t h e o t h e r t e r m s c o n t r i b u t e n o t h i n g a t p = 1 (R = O). 

T h u s , r e t a i n i n g o n l y t h e t e r m in CDQ i n t h e a s y m p t o t i c e x p a n s i o n 

( B - 14), a n d t h e t e r m s in a53 a n d a52 i n E q s . (115 ) , w e w i l l w r i t e , u s i n g 

E q s . ( 148 ) , 

I ( R , £ I ) = 
/

^ O O 

D(T))[71^f 

£, 

^2(71. p ) + T ° z ( T | , P , 0 ) ] dT) 

8c(v) r 

Ti^ -JpJe 

7TCDO(R) 6a53(p, a ) Q 3 2 ( T ) R ) 
c o s T ) R + -4T| 71 ̂ R" 

, 2a.i2(p. "•) Q 2 2 ( T , R ) 
^ T ,^R3 

d7i ( 1 6 1 ) 

a t p = 1 (o r R = 0 ) . B y E q s . ( B - 1 6 ) , ( l 0 2 ) , ( B - 2 3 ) , a n d ( B - 2 1 ) 

• F o r i n s t a n c e , t h e l e a d i n g t e r m in E q s . ( l 5 7 ) i s 

2c 

2c 

7I^/P 
a io(R) W o ( £ i R ) . B 

E q s . ( 159 ) , ( B - 16) t h i s b e c o m e s T : r C i ( e i R ) , w h i c h b l o w s u p a s R - 0 
TTVP 

s i n c e C i ( x ) -• l og x a s x — 0. 
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tUo(R) = 1; 

a53 (p, a) = R; 

a52(p. a) = -1 +0(R) . (162) 

The t e rms of order R in a52 do not contribute anything to the integral in 
Eqs. ( l6 l ) at p = 1 and so will be ignored. Substituting Eqs. (l62) and 
the expressions for Q32 and Q22 from Eqs. (112) and (llO) into Eqs. (I6I), 
we obtain 

I(R, , J . _ 4 c M r^'f^cosrjR ^ 
•n^VlTRJ^ I 2 71 

^ 1 

- 3R[cos 7iRCi(TiR) + sinTiRsi(T)R)] 

+ (jfR -~j[sin7]RCi(7lR)- cos 7iRsi(T)R)]|- dT, (l63) 

at R = 0. Using integration by parts we can show that 

l (R,£i) = ^ £ k L j - l c i ( £ i R ) + 2 sin£iRCi(eiR) 
•n^ -/ITR. I ^ 

I \ I ^ , , . / . „ \ T / s i n t C i ( t ) , 
- 2 cos e iRsi(£iR)-s i (e iR) C I ( £ I R ) - 2 I dt 

>^£iR 

+ £iR[cos £iRCi(£iR) + sin eiRsi(£iR)]>-, (164) 
which can be checked by differentiating with respect to Ej. The integral* in 
Eqs. (164) is zero at R = 0; we have from Ref. 15, p. 146, that 

si(x) = - J + 0(x); 

Ci(x) = log X + 0(1), as X - 0. (165) 

Therefore, letting R = 0 in Eqs. (164) yields 

1(0, Gi) == 4c(v)/7r. (166) 

This quantity was added to the computer resul ts for Eqs. (152) and (153) at 

P = 1-

*See, for instance, Ref. 16, p. 161. 
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It i s i n t e r e s t i n g to o b s e r v e tha t if we let R go to z e r o in E q s . (163) 
be fo re p e r f o r m i n g the i n t e g r a t i o n , the i n t e g r a n d , and t h e r e f o r e the i n t e g r a l , 
wi l l be z e r o . Hence , t h e r e i s a d i f f e rence of TT b e t w e e n a ) the l i m i t of the 
i n t e g r a l a s R goes to z e r o and b) the i n t e g r a l of the l i m i t a s R g o e s to 

r o , i . e . , denot ing the i n t e g r a n d in E q s . (163) by f(Tl, R ) , z e 

l i m I f(7], R ) dTi = -n; 
R-°Jei 

£[limf(.,R)] d7l = 0. (167) 

T h i s phenomenon is an ind ica t ion of why it i s difficult to get good n u m e r i c a l 
r e s u l t s for the Tzz s t r e s s on î  = 0 n e a r p = 1- T h e so lu t ion D(7i) of the 
i n t e g r a l equa t ion is p robab ly m o r e a c c u r a t e than can be c o n c l u d e d f r o m the 
c h e c k of the b o u n d a r y condi t ion , s ince p a r t of the dev i a t i on r e p o r t e d in 
T a b l e s I and II i s undoubtedly due to i n a c c u r a c i e s in the n u m e r i c a l c o m p u ­
t a t ion of Tzz(p. 9, O). 

G. N u m e r i c a l C a l c u l a t i o n s of the S t r e s s e s on the Su r f ace of the Hole 

The d e s i r e d s t r e s s e s a r e T | 2 ( 1 . 9, 0. T ^ g ( l . 9, C ). and T ^ ( l , 9, O- As 
d i s c u s s e d in Sect . D above , t h e s e s t r e s s d i s t r i b u t i o n s a r e e a s i l y d e t e r m i n e d 
f r o m T R z ( l . 6 , C). T^^il. 6, O. a n d T ^ z d . 9, O- By E q s . ( l 2 l ) , (139), and (140), 
we can w r i t e 

r ^ z ( l . 9 . 0 
, _ , D(7l) Ti(71, C) dT) -H D(T)) [T2(T1 , Q 

T c COS 2 6 / / 
^ Jo Jo 

-F f ZZ(7), 1, (;,7o)] d7i + / D(TI) TI(T) , 0 dr] 

7 e i 

with 

^ c o 

+ / D(7i)[T2(7l, (:) + T Z Z ( ^ . 1.0'>'o)] dTl, - (168) 
A 2 

Ti(7l, 0 s—[47i*(; + (-2a^+ 1 2 a - 15) 7î C + (-2a^-I-20a - 15)71] e- '^O 

T 2 ( T ) . C ) - ^ ^ ^ S i 2 ( 7 , a , (169) 
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R R 
where S12 is given in Eqs. (137). Similar relations hold forTQD and Tg^. 
but, since the procedure for evaluating all three s t ress distributions is the 
same, only Tzz will be discussed in detail. 

The s t r e s ses were evaluated for Poisson's ratios of 0.25 and 0.5 at 

^ = 0, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.2, 
1 .6 ,2 .0 ,3 .0 . (j^Oj 

The integration limit £1 in Eqs. (I68) was taken to be 1900 for 0 £ ^ < 0.5 
and to be 20 for ^ > 0.5; for all C. £2 was taken to be 20. The first two in­
tegrals in Eqs. (I68) were evaluated.by use of Simpson's rule applied at the 
same 7ij as listed in Eqs. (146). Thus 

-e N(i:) 
D(7l) Ti(7i,ad7i = 2^ w(7lj) D(7lj)Ti(71j, 0 ; 

j=' 

N(i:) = 74, 0 £ ( : = ^ 0 . 5 ; N(C) = 40, C > 0 . 5 ; ( l7 l ) 

and 

r ' D ( T I ) [ T 2 ( T , , 0 + TZZ(T,, l. ';.7o)]d7i 

Jo 

40 

- £ w(7ij) D(7ip[T2(7)j.C) + Tzz(^j. 1. 07o)]. (172) 
j = ' 

The D(71-) a re the numerical solutions to the integral equation for the appro­
priate Poisson 's ratio, and the w(7,j) are the weighting factors for Simpson's 
rule. 

The last integral in Eqs. (I68) was neglected as it is 0(££^) for D(7I) 
behaving as in Eqs. (148). 

The third integral in Eqs. (I68) is also negligible unless C is very 
small. The first t e rm in Ti(7i,C) defined in Eqs. (169) is the most signifi­
cant for large T) and small C.- We will write 

D(T,) TI(TI, 0 dV ^ - r"" D(T,)Ti^Ce-'^'^dT] (173) 
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for 71 l a r g e and C s m a l l . R e p l a c i n g D(7I) by c(v) jf* for Gj < Tl < oo and 
p e r f o r m i n g the i n t e g r a t i o n , we obta in 

D(T]) TI(TI , 0 dTi Isil^e-^^iO (174) 

T h i s quant i ty i s neg l ig ib le for the s e l e c t e d c o m b i n a t i o n s of £i and (̂ , excep t 
for C = 0 when it i s 4 c / r [cf. Eq . (166)]. Note tha t the p h e n o m e n o n d i s ­
c u s s e d a t the end of Sect . F above o c c u r s h e r e a l s o , i . e . , the i n t e g r a n d in 
E q s . (173) i s z e r o for /̂  = 0, so tha t p e r f o r m i n g the i n t e g r a t i o n and then 
eva lua t ing at C = 0 g ives a d i f ferent r e s u l t t han le t t ing 1^=0 and t h e n doing 
the i n t e g r a t i o n . 

Tt 

R / \ 2(4 - a ) , , -£.i^ 
F o r T Q D the r e s u l t c o r r e s p o n d i n g to E q s . (174) i s c(v) e , 

R . . 4a 
gz It i s 

defined in E q s . ( l38) . 

w h e r e a s for TSV it i s — c(v) CEi(£ir ) , w h e r e E i i s the e x p o n e n t i a l i n t e g r a l 

The s t r e s s d i s t r i b u t i o n s on the s u r f a c e of the hole a r e shown in 
F i g s . 4, 5, and 6. 

H. N u m e r i c a l Ca l cu l a t i on of the N o r m a l D i s p l a c e m e n t on the Bounding 
P l a n e 

The n o r m a l d i s p l a c e m e n t on the plane (̂  = 0 for the p u r e s h e a r 
p r o b l e m is g iven by, us ing E q s . (28) and (27), 

u | ( p , 9 , 0 ) = uP(p , 9) -fuR(p, 9, 0) = uR(p, 9, O). ( l 7 5 ) 

F r o m the t h i r d of E q s . (69) we have 

2/iuR(p,6, 0) 

a Tg cos 26 
J 0 

(T])[-aT)'fi2(T),p) + Uz(p, 6, 0)] dTi. (176) 

R e f e r r i n g to E q s . (70) we o b s e r v e t h a t * 

UZ(T,, P, 0) = 0, (177) 

so E q s . ( l76) r e d u c e to 

•See Ref. 14, p. 6 1 . 
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zij.u^ip.e.0) 

aTg c o s 2 9 
D(T)) 713^2(^1. P) d7l. (178) 

T h i s i n t e g r a l w a s e v a l u a t e d in m u c h the s a m e way a s the i n t e g r a l in 
T ^ z ( P ' 9 . O) con ta in ing the f ac to r rfQ.2{r), p), the i n t e g r a t i o n in E q s . ( l 78 ) be ing 
s o m e w h a t s i m p l e r due to the m o r e r a p i d d e c a y of i t s i n t e g r a n d wi th i n c r e a s ­
ing 71. As d i s c u s s e d in Sect . F above , the infini te i n t e r v a l of i n t e g r a t i o n w a s 
t r u n c a t e d to the i n t e r v a l [O, £i(p)] and S i m p s o n ' s r u l e app l i ed to a p p r o x i m a t e 
the i n t e g r a l by a f inite s u m . F o r p a 2, when the o s c i l l a t i o n s of Qz b e c o m e 
too r a p i d to app ly S i m p s o n ' s r u l e d i r e c t l y to the v a l u e s of D(7) ) c o m p u t e d in 
the so lu t ion of the i n t e g r a l equa t ion , p a r a b o l i c i n t e r p o l a t i o n was u s e d to find 
D(7I) a t 71 i n t e r v a l s of 0 . 01 . F i g u r e 7 is a g r a p h of u | ( p , 6, O). 
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III. A P P E N D I C E S 

Appendix A. B e s s e l F u n c t i o n s and R e l a t e d F u n c t i o n s 

1. Def in i t ions 

The funct ions Jn(x) and Yn(x) a r e the B e s s e l func t ions of the f i r s t 
and second k inds of o r d e r n, whi le K^{x) i s the modified B e s s e l funct ion of 
the second kind of o r d e r n . '^ ' ' ^ The following e x p r e s s i o n s define r e l a t e d 
a u x i l i a r y funct ions which o c c u r f r equen t ly in the t ex t : 

dJ2(x) 
IzW 

Y'ZM ^ 

K'ZM 

dx ' 

dY2(x) 

dx 

dK2(x) 

dx 

K(x) = X K U X ) / K 2 ( X ) . 

n 2 ( 7 . p ) = Yl(7) J2 (7P) - J2(7) Y2(7P)-. 

n 2 ( 7 . p ) ^ Y ; ( 7 ) j ; ( 7 p ) - j ; ( 7 ) Y ; ( 7 P ) ; 

nliy.p) ^ Y2(7) J2 (7P) - J2(7) Y2(7P) . 

Y(x) = [ j ; ( x ) ] ^ + [Y^(x ) ]^ 

G ( 7 , P ) = K2(7P) /K2(7 ) ; 

G'(-Y,p) 1^ pK{yp)/K'z(y). 

fi(7) = 7 ' [ 7 ' + 4 - K ^ ( 7 ) ] + 3aK2(7) ; 

f2(7) = 7 ' - ( 7 ' + 3 ) K(7) ; 

f3(7) = ( 7 ' + 2 ) ( 7 ' + 6 ) - 2 7 ' K ( 7 ) ; 

f4(7) = ( 7 ' + 3 ) ( 7 ' + 4) - 7 ' K ( 7 ) - af2(7) + 3 a K ( 7 ) ; 

A(7 ) = [ 7 ' + 4 - K ^ ( 7 ) ] f3(7) + a [ - 4 7 H 8 ( 7 H 3 ) K(7) 

- 7^K^(7) - 6K^(7 ) ] . 

F i g u r e s 12, 13, 24, and 25 show K, A, Y, and ^ 2 , r e s p e c t i v e l y . 

y (A-i) 

(A-2) 

)• (A-3) 

(A-4) 

(A-5) 

' (A-6) 
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2, R e c u r r e n c e Rela t ions ' 

xJ2(x) = 2Ji(x) - xJo(x); 

xY2(x) = 2Yi(x) - xYo(x); 

xK2(x) = 2Ki(x) + xKo(x). 

x ' j ^ x ) = (x^-4) Ji(x) + 2xJo(x); 

Y;( 

x^K'zix) = -(x'-h4) Ki(x) - 2xKo(x). 

3. Differentiat ion F o r m u l a s 

dx 
df(7P) df(x) 
_ _ = 7 — ^ 

dp 

b'Hyp) 

X = 7P 

ap^ 

dK2(x) 

= 7 dx ' X = 7p 

dx 
K ; ( X ) ; 

dx 

d'K2(x) / , ^ 4 \ ^ , , 1 ^ ' , V 
- ( 1-1—2 lK2(x) - — K2(x); 

iK2(x)l =-^Kz{^)+^KM; 
X J x^ 

5&H^(^*7)''*'-7''' 
dKUx) / 4 \ 1 ,, , 

= ( I + - ) K 2 ( X ) - ^ K U X ) ; 

( X ) ; 

dx 

ZT^T'I d'K 

dx' 
i ' . . ( l . i 5 ) K . „ , ( , * ± ) K ; , „ . 

^ [ X K ; ( X ) ] = (x+ i - )K2(x ) ; 

^ ^ [ X K U X ) ] = ( I - ± ) K 2 ( X ) + ( x + | ) K i ( x ) 

I (A-7) 

• (A-8) 

1 (A-9) 

(A-10) 



^ n 2 ( 7 . p ) 

ap 
= 7^^2(7.p); 

S^^z(7,p) 

Sp^ 
( 4 - 7 ^ fi2(7.p)-^fi2(7,P); 

5 ^ 2 ( 7 . P ) / 4 \ _ , . 1 „ , , , 
- J ^ ~ - ( ^ " ^ " 2 ( 7 . P ) - - f ^ 2 ( 7 . P ) ; 

b^^z(y.p) _ fy 12 

Sp^ 

Sp 

Sp' 

- 0 2 ( 7 .p)] -V"2('>',P) + ^ f ^ 2 ( 7 , P ) ; 

rf22(7,P '] - (7-?) n 2 ( 7 , p ) - —z n'ziy.p); 
P 

> (A-11) 

^ [p f i ; (7 .p ) ] = i^p-yp) ^^iy-p)-

bGiy.p) 1 , , , , 
= - - K(7) G ' ( 7 , p ) ; 

dp P 

K ( 7 ) ^ ^ ^ = (y^p^^)o(y.p). 

(A-12) 

4. P a r t i c u l a r V a l u e s 

l i m 
x-»o 

l i m 
X — 0 

l i m 
x->o 

rJz X 

X ' Y 2 ( X ) 

X ' K 2 ( X ) 

l i m 
x-»o 

2; lir 

~ 
- J 2 ( x ) 
X 

= 
*" -^ 

n 
- 0 

P -. 
x'Yi(x) 

r 
X^K; (X) 

L 
- 4 . 

(A-13) 

K(0) = l i m K(x) = - 2 . 
x—0 

(A-14) 

Hm pY(x)l = 4 . (A-15) 
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^ 2 ( 7 . 1 ) = - ^ ; * 

n 2 ( 7 . i ) = 0; 

iim[7n2(7.P)] -W'-^}-

l im[7^n;(7 ,p)]= | - (p-^) . 

G ( 7 , l ) = 1; 

G ' ( 7 , l ) = 1; 

G ( 0 , p ) = l i m G ( 7 , p ) = — j - ; 
7 - 0 P 

(A-16) 

(A-17) 

G ' (0 , p) 

f.(0) = 

f2(0) = 

f3(0) = 

f4(0) = 

l i m 
7-*o 

^ 
l i m G ' ( 7 , p ) 

1 2 a ; 

6; 

12; 

12(1 - a ) ; 

'A (7)' 
[7^ J = - 1 2 . 

2 
P 

(A-18) 

• S e e Ref. 15, p . 79, No . 28. 
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Appendix B. A s y m p t o t i c E x p a n s i o n s 

In th i s Appendix a r e l i s t e d the a s y m p t o t i c e x p a n s i o n s , v a l i d for 
l a r g e va lue s of the a r g u m e n t , which a r e n e e d e d for the n u m e r i c a l c o m p u ­
ta t ions and a c c o m p a n y i n g a n a l y s i s . In o r d e r to i n d i c a t e the n u m e r i c a l 
a c c u r a c y of the e x p a n s i o n for a funct ion, say f(x), the no ta t ion 

f(10) = 3.141593 ~ 3.141576 (B-1 ) 

will be used to i nd i ca t e tha t f(10) found by subs t i t u t i ng t a b u l a t e d v a l u e s into 
the def ini t ion of f i s 3 .141593, whi le the l i s t e d e x p a n s i o n g ive s 3.141576 for 
X = 10. In g e n e r a l , the va lue of x for which the c o m p a r i s o n is m a d e is the 
s m a l l e s t for which the expans ion is u s e d in the n u m e r i c a l c o m p u t a t i o n s . 

1. B e s s e l F u n c t i o n s K2(x), K^x) , J2(x), J2(x), Y2(x), and Y2(x) 

F r o m Ref. 17, p. XXXIV, we have , a f te r s o m e r e a r r a n g e m e n t , 

k 

m=o •̂  

«»'-(g)"''-lS' 
m = o X 

^̂w ~ fen ̂  - ̂ -ŵ  
m = 0 ^ 

J ^ W ~ - f e ) " ^ I J ^ s m P m ( x ) . 
m = o 

Y^W~fe)"T^-P-(x); 

m = o 

^̂ W~fe)"̂  I^-^Pm(x). 

> ( B - 2 ) 

( B - 3 ) 

w i t h 

rmr 57T 
P m ( x ) = X -I- — -

2 
( B - 4 ) 
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and 

ko = !; 

_ ( l 6 - l ^ ) ( l 6 - 3 ^ ) - - - [ l 6 - ( 2 m - l ) ^ ] m - 1 2 3 • 
m ~ , , 3 m ' . . . . 

m . 2 

ko = 1; 

, ^ ( 1 6 - l ^ ) ( l 6 - 3 ^ ) ••• [ l 6 - ( 2 m - 3 ) ^ ] ( l 5 - f 4 m ^ ) ^ = 1 2 3, 
1 ^ - I . , 3 m ' . . ' 

m . 2 
(B-5) 

It can be e a s i l y s e e n f r o m E q s . (B-5 ) tha t 

( 5 - 2 m ) ( 3 - l 2 m ) 
k m - 8 ^ *^m-i. 

, _ l ± ± ± ^ . m = 1 2 3 (B-6 ) 

Using E q s . (B-6 ) , we have 

ki = 2^^(15) = 1.875; 

k2 = 2 ' ' ( 1 0 5 ) = 0 .8203125; 

ks = -2 - " ' ( 315 ) = -0 .30761719 ; 

k4 = 2 - ' 5 ( l 0 , 3 9 5 ) = 0 .31723022; 

k5 = - 2 - ' 8 ( l 3 5 , 1 3 5 ) = - 0 . 5 1 5 4 9 9 1 1 ; 

ke = 2 " " ( 4 , 7 2 9 , 7 2 5 ) = 1.1276543; 

k , = - 2 ' " ( 1 0 3 , 3 7 8 , 2 7 5 ) = -3 .0809127 ; 

k; = 2"^(19) = 2 .375; 

k'z = 2 - ' ( 465 ) = 3 .6328125; 

k; = 2 ' ' ° ( 1 7 8 5 ) = 1.7431641; 

k; = -2- '^(24,885) = -0.75942993; 

k; = 2-'8(239,085) = 0.91203690; 

k ; = -2 '2^ (7 ,162 ,155) = - 1 . 7 0 7 5 9 0 8 ; 

k ; = 2 " " ( 1 4 2 , 5 6 7 , 4 2 5 ) = 4 .2488404 . (B-7 ) 
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B y E q s . ( B - 2 ) a n d ( B - 7 ) , a n d R e f . 17 , 

e ' ° K 2 ( l O ) = 0 . 4 7 3 7 8 5 2 5 - 0 . 4 7 3 7 8 5 2 2 ; 

e ' ° K 2 ( l O ) = - 0 . 5 0 5 5 2 3 6 2 - - 0 . 5 0 5 5 2 3 6 6 . ( B - 8 ) 

2. Y(xl 

F r o m R e f . 17 , p . X X X I V , w e h a v e 

Y ( x ) = [ J ' ( x ) ] ^ + [ Y ^ x ) ] ^ 1 -I-
v 2 m 

( B - 9 ) 

w i t h 

y2m = 
1 • 1 • 3 ••• ( 2 m - 3 ) ( 1 6 - l 2 ) ( 1 6 - 3 ' ) ••• [1 6 - (Zm - 3 ) ' ] [ l 6 - (Zm-I-1 ) (2m - 1 ) ' ] . 

( B - 1 0 ) 

T h e r e f o r e , 

y2 = - 2 ' ^ ( 1 3 ) = - 1 . 6 2 5 ; 

y4 = 2 ' ' ' ( 4 3 5 ) = 3 . 3 9 8 4 3 7 5 ; 

y6 = 2 " ' ° ( 1 6 , 6 9 5 ) = 1 6 . 3 0 3 7 1 1 ; 

ya = - 2 " ' ^ ( 2 , 0 0 8 , 1 2 5 ) = - 6 1 . 2 8 3 1 1 2 , 

a n d 

Y ( 1 0 ) = 0 . 0 6 2 6 5 0 0 9 8 - 0 . 0 6 2 6 5 0 1 0 4 . 

3 . ^ziV.P) 

D e f i n e 

R = p - 1. 

( B - 1 1 ) 

( B - 1 2 ) 

( B - 1 3 ) 

S u b s t i t u t i n g E q s . ( B - 3 ) i n t o t h e d e f i n i t i o n ( A - 3 ) of ^ 2 ( 1 . P) a n d g r o u p i n g t o ­
g e t h e r l i k e p o w e r s of 71, w e a r r i v e a t 

^ziV.P) = Y^(7l) J2(71,p) - Jl(7)) Y2(71, p) ?-— y 
"-^m(R) 

. • " ^ ^ r ^ o ( T I P ) " 

/ „ mj\\ 
: o s I T ) R - — ; — 1 , 

( B - 1 4 ) 
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with 

a)m(R) = X ( - 1 ) ^ ( 1 + R ) " ' " ^ ' ^ j ' ^ m - j - ( ^ - 1 5 ) 
J = o 

The r e s u l t of put t ing k m and k m f rom E q s . (B-7) into Eq . (B-1 5) i s 

cUo(R) = 1; 

CDi(R) = 2"^ (4 -H9R) ; 

tD2(R) = 2- ' ( l5R)(24- l -31R) ; 

CU3(R) = 2 - ' ° ( l 5 ) ( - 1 9 2 - 4 4 0 R - 108R^-H19R^); 

ai4(R) = -2 - '5 (315R)(640- l -1184R- l -656Rn79R^) ; 

a)5(R) = 2 - ' 8 ( 3 1 5 ) ( 5 1 2 0 - H 4 , 5 9 2 R - H 9 , 2 0 0 R ^ - H 3 , 5 2 0 R ^ 

4-4980R*-h759R^); 

ODJR) = 2 - " ( 9 4 5 R ) ( 7 1 , 6 8 0 - H 9 3 , 9 2 0 R - I - 2 3 6 , 1 6 0 R 2 - H 5 4 , 4 0 0 R ^ 

-f53,064R^-H7579R^); 

ai7(R) = 2 " " ( 4 7 2 5 ) ( 1 1 4 , 6 8 8 - f 4 2 4 , 9 6 0 R - H , 0 4 2 , 9 4 4 R ^ - H , 5 6 l , 2 l 6 R ^ 

-1 l , 4 2 2 , 0 l 6 R * 4 - 7 7 5 , 3 6 8 R n 2 3 3 , 9 4 8 R H 3 0 , 1 7 3 R ' ) . (B-16) 

F o r e x a m p l e , 

^2(10, 1.2) = -0 .019640844 ~ -0 .019640851 . (B-17) 

4. G(7, p) and G ' (7 , p) 

The a s y m p t o t i c e x p a n s i o n s in 7 for G(7, p) and G ' ( 7 , p ) , defined by 
Eqs . (A-5) , can be found f rom E q s . (B-2) by dividing the e x p a n s i o n s for 
K2(7P) and K2(7p) by those for K2(7) and K2(7), r e s p e c t i v e l y . In g e n e r a l , if 

1 + I PmX-'" 
1 + y a m X — = ^ , (B-18) 

m=i 

w h e r e the Pm and 7m a r e known and the a m a r e to be found, then it i s e a s i l y 
ve r i f i ed tha t 
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3i - 7 i ; 

-^m " ' m Z 'Yj'̂ m-j. m = 2 , 3 , 4 , 

In p a r t i c u l a r , if 

3 m = 7 m P 

t h e n 

« ! = - 7 i R i ; 

m ^ , 

a m = - 7 m R m " 2 ^ "> ' j*m- j . 

J = i 

w h e r e 

R m ^ ( p " ^ - l ) / p " ^ . 

If w e l e t 

G ( 7 , p ) - p " ' / ' e - 7 R 

G ' ( 7 , p ) - p " ' ^ e - 7 R 

1 + Z ^^''P^ '^' 

I 

+ Z f̂"̂ ^̂  y 

( B - 1 9 ) 

- ( B - 2 0 ) 

( B - 2 1 ) 

( B - 2 2 ) 

t h e n b y E q s . ( A - 5 ) , ( B - 2 ) , ( B - 7 ) , ( B - 1 8 ) , ( B - 2 0 ) , a n d ( B - 2 2 ) , 

g , = - 2 - 2 ( 1 5 ) R , ; 

g2 = 2 - ' ( 1 5 ) ( 3 0 R i - 7 R 2 ) ; 

g3 = 2 - " ' ( 4 5 ) ( - 1 1 5 R i - l - 3 5 R 2 - 1 7 R 3 ) ; 

g4 = 2 - ' 5 ( 4 5 ) ( 4 3 8 0 R i - I 6 I O R 2 - 4 2 O R 3 - 2 3 I R 4 ) ; 

g5 = 2 - ' « ( l 3 5 ) ( - 1 0 5 9 5 R l - ^ 5 1 1 0 R 2 - H 6 l 0 R 3 - ^ 1 1 5 5 R 4 - H 0 0 1 R 5 ) ; 

g6 = 2 - " ( 6 7 5 ) ( 1 0 3 1 4 R i - 1 4 8 3 3 R 2 - 6 1 3 2 R 3 - 5 3 1 3 R 4 - 6 0 0 6 R 5 - 7 0 0 7 R t ) 

g7 = 2 ' " ( 2 0 2 5 ) ( l 4 4 , 8 8 5 R i - H 2 , 0 3 3 R 2 - H 4 , 8 3 3 R 3 - H 6 , 8 6 3 R 4 

- f 2 3 , 0 2 3 R 5 - f 3 5 , 0 3 5 R 6 + 5 1 , 0 5 1 R 7 ) , ( B - 2 3 ) 
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and 

g 

g 

g3 

= -2-\l9) Ri; 

= 2-'(722Ri - 465R2); 

= 2-'°(-4883Ri-H8835R2-I785R3); 

g; = 2-'5(-164,692Ri-239,010R2 + 135,660R3 + 24,885R4); 

= 2-'^(4,6l9,983Ri - 2,015,310R2 - 917,490R3 - 472,815R4 - 239,085R5); 

= 2-"(-37,060,754Ri + 1 13,068,005R2 - 1 5,472,38OR3-f 6,395.445R4 

4-9,08 5,23 0R5-f7,162,155R(,); 

g; = 2-"(-l,580,376,319Ri-453,506,595R2 + 434,035,245R3 

-l-53,925,795R4- 6l,444,845R5 - 136,080,945R6 - 142,567,425R7). 

(B-24) 

By the above and Ref. 17, 

e " ' G ( l O , 2) = 0 . 6 4 8 1 5 7 4 3 - 0 . 6 4 8 1 5 7 6 3 ; 

e ' ° G ' ( l O , 2 ) = 1 . 2 5 0 7 2 0 0 - 1 . 2 5 0 7 1 9 6 . (B-25) 

5. K ( 7 ) and R e l a t e d F u n c t i o n s 

In Ref. 24, pp . 6 and 10, the a s y m p t o t i c e x p a n s i o n for K ( 7 ) i s found 

to b e 

Ki (7)~-7 - i + Z b m 7 ' (B-26) 

with 

-b i = b2 = 2-2(15); 

b m = 7 ( - l ) " ' [ m b m - i - ( b m - 2 b i + b m - 3 b 2 + - - - + b i b m - 2 ) ] . 

m = 3 ,4 ,5 ( B - " ) 

T h e r e f o r e , we h a v e 

K(7) - - 7 - 2 - ' - 2 - 2 ( 1 5 ) 7 " ' + 2-2(15) 7 ' " - 2 - ' ( l 3 5 ) 7 ' ' - 2 - ^ ( 4 5 ) 7 - * 

+ 2 - ' ° (7425) 7 -5 -2 -5 (675) 7"^ + 2 - ' 5 ( l ,905,525) 7 - (B-28) 



By the a p p r o p r i a t e m u l t i p l i c a t i o n of s e r i e s , we obta in 

K'(7) ~ 7 ^ -F7 + 4 - 2 - 2 ( 1 5 ) 7 " ' + 2 - ^ ( 1 5 ) 7 " ' - 2 - ^ ( 4 0 5 ) 7 - ' 

- 2-2(45) 7-^ -f 2 -" ' (37 ,125) y'^ - 2-^(2025) 7 ' ^ 

and 

K 2 ( - ) , ) ~ -y-i . 2 - ' ( 3 ) 7 ' - 2 - 2 ( 5 1 ) 7 - 2-2 - 2 - ' (1215) 7 - ' + 2 - ^ ( 3 1 5 ) 7 - ' 

- 2 - ' ° ( l 7 5 5 ) 7-2 - 2-5(1215) 7-^ + 2 - '5 (5 ,825 ,925) 7 " ^ (B-29) 

F r o m the above r e l a t i o n s and t a b u l a r v a l u e s , it i s found that 

K(10) = -10 .6698894 ~ - 1 0 . 6 6 9 8 8 8 1 ; 

K^(IO) = 1 1 3 . 8 4 6 5 4 0 - 113.846509; 

K 2 ( 1 0 ) = -1214.72999 - - 1214 .72988 . (B-30) 

6. fi(7). t2(7), t3(7). and f4(7) 

By E q s . (A-6) , (B-28) , and (B-29) , 

fj(y) ~ .~j,2 + iay^ + 2-2(24a-f 1 5 ) 7 -I- 2-^(48a - 1 5) -I- 2 - ' ' ( - 720a + 405) 7 - ' 

+ 2-2(90a-l-45) 7-^ - 2-" ' (9720a4-37,125) 7-2 + Z"^{-Z70a+ 2025) 7-*; 

f2(7) - 7^ + 2 - ' (3 ) 7^ + 2 -2 (39)7 - 2-2(3) + 2- ' ' (855) 7 - ' - 2-^(135) 7 -^ 

- 2-" ' (4185) 7-2 + 2-^(405) 7-^ - 2 - ' 5 (2 ,6 l8 ,325) 7 -^ ; 

t3(7) - 7 " + 272 -I- 97^ -I- 2-^(15) 7 + 2-^(33) -I- 2 - ' ( l 3 5 ) 7 - ' + 2- ' ' (45) 7"^ 

- 2 - ' (7425) 7-2 + 2-^(675) 7 -^ - 2- '^ ( l ,905, 525) 7-^ ; 

f4(7) - 7 ' ' + ( - a - H ) 72 + 2 - ' ( -3a - f 15)7^ + Z-^-b3a+ 15) y + Z-^-9a + 8l) 

+ 2 - ' ( - 1 5 7 5 a + 135) 7 - ' + 2-2(3 15a-I-45) 7-^ + 2 - " ' ( 9 4 5 a - 7425) 7-2 

+ 2-5(-945a-f 675) 7-* + 2- '5(3,33 1,125a - 1,905,525) 7-^, (B-31) 

and 

fi(lO) = -984.6540 + 341.5396a - -984.6509 -I- 341.5388a; 

12(10) = 1198.99861 ~ 1198.99843; 

f3(lO) = 12945.97788 - 12945.97763; 

f4(l0) = 11778.98894- 1231.00828a - 1 1778.98881 - 1231.00805a. (B-32) 
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7. A(7) and - 7 y A ( 7 ) 

F r o m E q s . (A-6) , (B-28 ) , (B-29) , and {B-31) , we have 

A(-y) - 7 5 [ - l - (a-^2) 7 - ' - 2-2(24a-^57) 7-^ - 2-^(l2a-^ 15) 7-2 

+ 2 - ' ' ( 1 4 4 a + 5 4 9 ) y-" - 2-2(135) 7 - ' + 2-" ' (6840a-^ 2 11 5) 7 ' ^ 

-f 2 - ^ ( - 3 1 5 a - H 6 6 5 ) 7 " ' ] - ( ^ - 3 3 ) 

App l i ca t i on of E q s . (B-18) and (B-19) to Eq . (B-33) y i e l d s 

A(7) 
' m = i 

1 + z '̂ "̂ "̂•̂  
(B-34) 

with 

61 = - ( a + 2); 

62 = 2-2(8a^ + 8a - 25); 

63 = 2 - ^ ( -4a2 4 -45a - f 67 ) ; 

64 = 2 - ' ' ( l 2 8 a ^ - 128a2 -2352a^ -3344a -1 -71 ) ; 

65 = 2-*(-l6a=-l-32a*-l-392a2-i-340a2- 1 2 7 4 a - 2 1 4 7 ) ; 

64 = 2 - ' ° ( l 0 2 4 a ^ - 3 0 7 2 a 2 - 3 0 , 3 3 6 a ^ - 3 2 0 0 a 2 - 1 - 2 2 3 , 3 2 0 a 2 

-I-419,640a-l-229,399); 

67 = 2 - H - 6 4 a ' + 2 5 6 a ' - h 2 l 6 0 a 5 - 1 7 4 4 a * - 2 5 , 3 l 6 a 2 - 3 9 , 8 l 6 a 2 

-F2411a-h46,750). (B-35) 

R e c a l l f r o m Eq . (12) tha t 

a = 2(1 - v), (B-36) 

w h e r e V i s P o i s s o n ' s r a t i o . T h u s P o i s s o n ' s r a t i o s of 1/2 and 1/4 c o r r e s ­
pond to v a l u e s of a of 1 and 3 / 2 , r e s p e c t i v e l y . F o r a = 1, f r o m E q s . (B-34) 
and (B-35) we have tha t 

. J l - .. 1 . 3.y-i . 2-2(9) 7 - ^ -̂  2 7 7 - ' - 2-^(5625) 7 ' * - 2-*(2673) 7 " ' 
A(7) 

+ 2 - ' ° (836 ,775) 7 - ^ - 2-^(15,363) 7 - ' , (B-37) 
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whereas for a = 3/2 

A ( 7 ) 
1 - 2 - ' (7 ) 7 - ' + 2-2(5) 7-^ -̂  2- '^( l2 l ) 7-2 - 2 - ' ' ( l 0 , 0 2 l ) 7 -* 

- 2-5(3859) 7-5 -̂  2 - ' " ' ( l ,185 ,289) 7 - ' - 2 - ' ( l l 5 , 2 6 5 ) 7 - ' . 

By t a b u l a r v a l u e s and the above e x p a n s i o n s we have 

A(10) = -127 ,473 .09 - 13 ,288.263a - -127 ,472 .74 - 13 ,288.279a; 

for a = 1 

- l O y A ( l O ) = 0.710422 ~ 0.710478 

and for a = 3 /2 

- 1 0 2 / A { 1 0 ) = 0.678401 - 0 .678443. 

8. F i (7 , a ) , F2(7, g), and F3(7 ,a) 

By defini t ion [ s ee E q s . (74)], 

(B-38 ) 

(B-39) 

> B-40 

F i ( 7 . a ) EE -

F2(7 .a ) 

a7'' 
My) 

2a7^ 

A(7) 

fi(7); 

K(7) f2(7); 

F3(7 ,a ) = - ^ K ^ ( 7 ) f3(7) (B-41) 

The expans ion for fi(7) i s g iven in E q s . (B-31) ; by E q s . (61) we have 

K(7) f2(7) = 7 'K(7) - ( 7 ' + 3) K^(7); 

K'(7) t3(7) = (7 ' + 2) (7 ' + 6) K^(7) - 2 7 ' K 2 ( 7 ) , ( B - 4 2 ) 

so that , us ing E q s . (B-28) and (B-29) , 

K(7) f2(7) - - 7 ^ - 272 - 2 - ' ( l 5 ) 7 ' - 37 - 2-2(111) -f 2-<'(495) 7 - ' 

- 2-2(225) 7-^ - 2-8(4995) 7 " ' + 2 -^ (3915) 7 - " ; 

K^(7) f3{7) - 7 ' + 372 -t- 157^ + 2 - 2 ( 1 5 1 ) 7 ' -̂  4 8 7 ' + 2 - ' ' ( l 6 4 1 ) 7 + 2- ' ' (843) 

- 2 - " ' ( 8 3 2 5 ) 7 - ' - 2 - 2 ( 4 0 5 ) 7 - ' . (B-43) 
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By t a b u l a r v a l u e s and E q s . (B-43) 

K ( l 0 ) f 2 ( l 0 ) = - 1 2 , 7 9 3 . 1 8 2 5 - -12 ,793 .1792 

and 

K ' ( l 0 ) f 3 ( l 0 ) = 1 , 4 7 3 , 8 5 4 . 7 9 - 1 , 4 7 3 , 8 5 4 . 5 7 . 

(B-44) 

The l ead ing t e r m s in the e x p a n s i o n s for F^, F2, and F3 a r e found 
f r o m the s u b s t i t u t i o n of E q s . (B-31 ) , (B-43) , (B-34) , and (B-35) in to ( B - 4 1 ) . 
They a r e g iven by 

F i ( 7 . a ) - - a -f 2 a ( 2 a - H ) 7 - ' -1 a ( - 4 a ' - 4 a - 1 5 ) 7 - ' ; 

F2(7, a ) - - 2 a 7 4- 2 a ' - f 2 - ' a ( - 8 a ' - f 8 a - 3 ) 7 - ' ; 

F3 (7 , a ) - 72 -I- ( - a - H ) 7 ' + 2 - 2 ( 8 a ' - l6a-t-47) 7 + 2 - ' ( - 4 a 2 - I - 1 2 a ' - 3 a - 15) 

+ 2-• ' (128a*- 5 1 2 a 2 - 432a'-I-480a-f 181 5) 7 - ' . (B-45) 

9. Fi (7 , g) . F2(7, a ) , and §^3(7, a) 

F r o m E q s . (74), (75), and (76), (B-31 ) , (B-43) , (B-37 ) , and (B-38) , we 

find tha t 

F j (7 . a) t Ĵ̂  i(a) 7- j = 1,2,3, (B-46) 

w h e r e the b j m ( a ) a r e g iven in Tab le B- I for P o i s s o n ' s r a t i o s of 1/2 and 
1/4 (a = 1 and 3 / 2 ) . We have 

F i ( lO , 1) = 0 . 5 4 3 1 1 7 - 0 . 5 4 3 1 5 5 ; 

F2(10, 1) = -0 .17712 - - 0 . 1 7 7 7 1 ; 

F3(10, 1) = 0.8093 - 0 .8181 ; 

F i ( lO , 3 /2 ) = 1 . 0 1 9 3 4 2 - 1 . 0 1 9 4 2 8 ; 

F2(10, 3 /2 ) = -0 .53672 - - 0 . 5 3 7 6 4 ; 

F3(10, 3 /2 ) = 0 . 1 1 4 3 - 0 . 1 2 1 8 . (B-47 ) 
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TABLE B-] . The Coefficients bj^^ in the 

V = l / 2 , a = 1 

m 

1 

2 

3 

4 

5 

6 

7 

8 

b l m 

6 

-3 

-147/4 

369/4 

11,637/64 

-22,455/16 

58,141/512 

38,907/4 

b j m 

-3/4 

-21/2 

-831/64 

1683/8 

-225,051/512 

-12,519/16 

b s m 

1479/128 

-741 / I6 

129,687/1024 

- 549/64 

Asymptotic Expansions for F | , F2, and F3 

V = 1/4, a = 3/2 

b l m 

12 

- 1 5 

-213/4 

1959/8 

33/2 

-22,809/8 

38,081/512 

70,521/8 

hzm 

-27/8 

-99/4 

3735/128 

10,053/32 

-1,421,343/1024 

20,691/32 

b j m 

483/128 

-1443/32 

235,701/1024 

-2781/8 

10. F4(7, p, a) and F5(7, p, a) 

The funct ions F4 and F5 a r e defined in E q s . (99) a s 

F4(7. p . a) 
2a7' 
~K{y) 

•{[(a-h2) f2(7) + f4(7)] G(7, p)-l-K(7)f2(7) G ' ( 7 . p ) } ; 

F 5 ( 7 . P , a ) = - ^ ^ [ { [ 2 K ( 7 ) - 7 ' - 4 ] f3(7) + 4af2(7)} G(7 ,p ) + K'(7) f3(7) G ' ( 7 , p ) ] . 

(B-48) 

The expans ions for K(7) f2(7) and K ' ( 7 ) f3(7) a r e given by E q s . (B-43) . By 
m e a n s of E q s . (B-31) , (B-28) , and (B-29) , it can be shown tha t 

(a-H2) 12(7) + f4(7) - y -I- 372 -I- 2 - ' ( 2 1 ) 7 ' -I- 2-2(-24a-l-93) 7 -f 2 -2( - l 2a-f 75) 

-I- 2 - ' ( -720a- f 1845) 7 - ' -I- 2 -2 (180a - 22 5) 7 - ' 

-I- 2 - " ' ( - 3 2 4 0 a - 1 5 , 7 9 5 ) 7 - 2 + 2-2(-135a-I-2295) 7 - * 

+ 2 - ' 2 (712 ,800a - 7,142,175) 7-^; 

[ 2 K ( 7 ) - 7 ' - 4 ] f3(7) + 4af2(7) = - ( 7 ' + 2 ) (7 '+ 4 ) (7 '+ 6) -̂  4(7*-^ 67'-f 6) K(7) 

- 4 7 ' K ' ( 7 ) -I- 4af2(7) ~ - 7 ' - 47^ - I87* 

+ 2 - ' ( 8 a - 71) 72 -I- 2 - ' ( 1 2 a - 1 2 9 ) 7 ' 

-I- 2 - 2 ( 6 2 4 a - 2 1 0 3 ) 7 -I- 2 - 2 ( - 1 2 a - 2 8 5 ) 

-f 2 -8(6840a- 7335) 7 - ' -̂  2-2(-1 35a - 405) 7 - ' 

-I- 2 - ' 2 ( - 1 3 3 , 9 2 0 a - H , 9 3 5 , 7 6 5 ) 7-2. (B-49) 



93 

By t a b u l a t e d v a l u e s and E q s . (B-49 ) , we have , for a = 1, 

3f2(l0) + f4(lO) = 14 ,144.97649 ~ 14,144.97604; 

[ 2 K ( 1 0 ) - 1 0 4 ] f3(l0) -1 4f2(l0) = 1 , 6 1 7 , 8 5 0 . 0 0 8 - 1 , 6 1 7 , 8 4 9 . 9 6 1 . (B-50) 

The l ead ing t e r m s in the a s y m p t o t i c e x p a n s i o n s of F4 and F5 a r e 
found by subs t i t u t i ng f r o m E q s . (B-43) , (B-49) , (B-34) , (B-35) , and (B-22) 
into Eq . ( B - 4 8 ) . T h i s r e s u l t s in 

F 4 ( 7 , p , a ) - 2ap" '^ e -^ l^{-R7- l - [ l -l-aR-H gi(p) - pgKp)] 

+ [ - a - H - ^ 2 - 2 ( - 8 a ' - ^ 8 a - 3 ) R -T ( - a - H ) gi(p) 

+ apg ; (p ) -f g2(p) - P g 2 ( p ) ] 7 " ' } : 

F 5 ( 7 , p , a ) - p - r e - ' y R { R 7 ' + [-l + ( - a + l ) R - g i (p)+ Pgl(P)] 7 ' 

- l [ a - 1 - l -2-2(8a ' - I6a-1 47) R 4-(a - 2) gi(p) 

- h ( - a - H ) p g l ( p ) - g 2 ( p ) + Pg2(p)] 7 

+ [ 2 - ' ( - 2 a ' - H 2 a - 1 5)-^ 2- ' ( -4a2-f 1 2 a ' - 3a - 1 5) R 

-H2-2(-8a ' - ( -24a- 55) g j p ) - ^ 2 - 2 ( 8 a ' - l6a -h47) pgKp) 

+ (a - 2) g2(p) + {-a + \) pg'zip) - g3(p) + Pg3(p)] 

-h[2-2(8a2- 5 6 a ' - ^ 3 a - ^ 7 5 ) - ^ 2 - ' ( l 2 8 a * - 512a2 - 4 3 2 a ' + 4 8 0 a - H 8 1 5) R 

- h 2 - ' ( 4 a 2 - 1 6 a ' - ^ 2 7 a - 15) gj(p) + 2 - ' ( - 4 a 2 - H 2 a ' - 3 a - 1 5) pg|(p) 

- H 2 - 2 ( - 8 a ' - l 2 4 a - 55) g2(p) + 2 - 2 ( 8 a ' - l 6a -^47) pgi(p) + ( a - 2) g3(p) 

-1 (-a -H) pg;(p) - g4(p) +Pgl(p)] 7 " ' } . (B-51) 

w h e r e the gi(p) and g!(p) a r e g iven by E q s . (B-23) and (B-24) , and R by 

Eq. (B-13) . 

11 . Qmn(" ) 

In Eq . (107), Qmn 1^ def ined a s 

Qmn(-) - ^ r ^""§"(7) ''' '^'- '"•'^ = ° ' ' ' ' ' ^ ' - • ^""'"^ 
Jo 



94 

The a s y m p t o t i c e x p a n s i o n for Qmn(x) can be ob ta ined by w r i t i n g [ s e e E q . (58) 
and Ref. 20, p . 88, #748] 

= '-4)"*°-^(T)'--i-"^fe^^(T) 
2k 

4-

| x | > | t | . (B-53) 

Subs t i tu t ing Eq. (B-53) into Eq . ( B - 5 2 ) and i n t e g r a t i n g t e r m by t e r m , us ing 

I tm-^2k g- t dt = ( j „ ^ . 2 k ) | (B-54) 

•^ 0 

f r o m Ref. 20, p . 63, # 4 9 3 , we have 

O fx) 1 " ( m + 2 ) ! n ( n - H )(m-f 4 ) ! , ,^ (n-t-k - 1 ) ; (m-^ 2 k ) ! 
" m n W - - ^ , ^ 2 2 m ; x ^ •'• ^ ' ' (n - 1 ) : kl ml x^k 

(B-55) 

The s a m e expans ion is ob ta ined for the c o m b i n a t i o n s of m and n n e e d e d for 
th i s p r o b l e m if the a s y m p t o t i c e x p a n s i o n for the s ine i n t e g r a l and c o s i n e in ­
t e g r a l f rom Ref. 22 a r e u s e d t o g e t h e r with E q s . (110) and (112). 

If we w r i t e 

( - l ) k ( n - f k - 1 ) : (m-F2k) ; 
1 " ^ " ^ " ( n - l ) ! k ; m ! m, k = 0,1,2 , . . . ; n = l , 2 , 3 , . . . , 

(B-56) 

then Eq . (B-55) b e c o m e s 

Nmn(x) 
Qmn(x) ~ Z q m n k x " ' ' " . m = 0 , l , 2 , . . . ; n = 1 , 2 , 3 , . . . (B-57) 

k=o 

w h e r e Nmn(x) is the h i g h e s t va lue of k for which U m n k x - ' * ^ I i s m o n o t o n -
ica l ly d e c r e a s i n g with i n c r e a s i n g k. F o r p u r p o s e s of n u m e r i c a l c o m p u t a ­
t ion it i s conven ien t to r e w r i t e Eq . (B-56) a s 

9mnk = - ( l / k ) ( n - ^ k - l ) ( m - ^ 2 k ) ( m - ^ 2 k - 1) q m n , k - i ; 

qmno = 1 ; m = 0,1,2 , . . . ; n, k = 1,2,3, . . . . (B-58) 
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By Eqs. (B-58), we see that Nmn(x) is equal to the largest value of k for 
which 

(n -F k - 1 )(m -f 2k)(m -t- 2k - 1 )/kx' < 1. (B-59) 

It is apparent from the relat ion (B-59) that the larger that m and n a re , 
the smaller will be the number of valid te rms which can be retained in the 
corresponding asymptotic expansion for a given x. For instance, 
N32(ll) = 3, so that 032(11) would have only four t e rms (k = 0,1,2,3) in its 
asymptotic expansion. By making use of Refs. 22 and 25, and Eqs. (110), 
(112), (B-57), (B-58), and (B-59), we have, for the combinations of m and 
n which are needed 

Q o i ( l l ) 

Q i i ( l l ) 

Q o 2 ( l l ) 

Q i 2 ( l l ) 

0 2 2 ( 1 1 ) 

0 3 2 ( 1 1 ) 

0.9848192 - 0.9847521, Noi(ll) = 5 

0.956721-0.955918, Ni i ( l l ) = 5 

0.9707702-0.9703352, No2(ll) = 5 

0.918438-0.922499, Ni2(ll) = 4 

0 .84997-0.87222, N22(ll) = 4; 

0 .77205-0 .70498, N32(ll) = 3. (B-60) 

O. 

In the numerical check of the boundary condition discussed in Pa r t II, 
(x) must be computed for a wide range of values of x. The For t ran 

l ibrary subroutine ARCSIl for the sine integral and cosine integral was used 
with some modifications in the calculation of Omn(x) for small x [see 
Eqs. (110) and (112)]. In ARCSIl the range of x is broken into three regions: 
0 £ x < l , l = S x < 1 8 , and 18 £ x. For 0 < x < ' , power ser ies a re used to 
compute si(x) and Ci(x); for 1 rS x < 18, empirically determined ratios of 
fourth-order polynomials are used; and for x > 18, asymptotic expansions 
are employed. 

In the program written for this problem, for 0 £ x < 1, ARCSIl was 
used to compute si(x) and Ci(x). These resul ts were then substituted into 
Eqs. (110) to find Qoi(x) and On(x), and finally Ooi and On were substituted 
into Eqs. (112) in order to calculate Q02, O12. O22. and O32. 

For x > 18, however, following this same procedure would lead to 
difficulties. The asymptotic expansion employed in ARCSIl when substituted 
into Eqs. (110) yields exactly the same expansion as Eqs. (B-57) for Qoi and 
O H . Substitution of these values into Eqs. (112) would resul t in a significant 
loss in accuracy in the calculated values of Q12. O22. and O32 since for large 
x, both Qoi and On are very close to unity; evaluation of Eqs. (112) for O12. 
Q22, and O32 would thus mean multiplying a large number, x', t imes a small 
number, obtained by subtracting two almost equal quantities, to yield values 
close to unity but having few significant figures. Therefore, the expansion 
( B - 5 7 ) was used for all the combinations of m and n. 
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In the intermediate range, 1 < x < 18, it was found that the use of 
ARCSIl to compute si(x) and Ci(x), followed by substitutions into Eqs. (110) 
and (112), yielded sufficiently accurate resul ts for 1 £ x < 11, but for 
11 £ x < 18, a serious loss in the number of significant figures in the com­
puted values of OI2J Q22> and O32 was encountered. This was due to the same 
phenomenon as was discussed above for x s 18, i.e., the subtraction of a l ­
most equal quantities in Eqs. (112) due to the Qj-nn being close to unity in 
value. An attempt was made to use the asymptotic expansion (B-57) in the 
range 11 •= x < 18, but as can be observed from Eqs. (B-60), this did not 
give very satisfactory results in this range, part icularly for Q22 and O32 

Because of the (-1)^ factor in qmnk defined m Eq. (B-56) the values 
of the sum in Eq. (B-57) oscillate around the true value of Qmn'^x) as suc­
cessive te rms m the sum are added. It was observed that if only half the 
last term retained in the expansion were added, the resulting sum was sig­
nificantly closer to the true value of Qmn(x) than if the entire last t e rm 
were added Therefore, we shall write, instead of Eq, (B-57). 

N m J x ) - i 

Qmn(x) - Z qmnkx-'*" + i q m n k x - 2 k lk=Nmn(x)- (B-6I) 
k=o 

Using in Eq. (B-61) the same qmnk as were used m calculating the asymp­
totic results given in Eqs. (B-60), we obtain 

Ooi(ll) = 0,9848192 - 0,9848220, 

Qnfl l ) = 0.956721 -0.956688; 

002(11) = 0.9707702 - 0.9707549; 

012(11) = 0,918438-0-918267; 

022<'ll) = 0.84997 -0.85106. 

032(11) = 0.77205 - 0.77326. (B-62) 

The asymptotic values given in Eqs. (B-62) are better than those given m 
Eqs. (B-60), Hence, the asymptotic expansion (B-6I) was used in the 
computer program to approximate the desired Omn(x) for x > 11. 

12. Fj(7, 1. a), j = 4,5,6,7,8,9 

By substituting the asymptotic expansions for K(7) and K ' ( 7 ) from 
Eqs. (B-28) and (B-29), the expansions for f2(7), f3(7), and f4(7) from 
Eqs. (B-31), and the expansion for 7 5 / A ( 7 ) from Eqs. (B-34) and (B-35) into 
the Eqs. (125) for F4(7, 1, a) through F^(7, l , a ) , we find the asymptotic ex­
pansion for the F . The leading t e rms in these expansions are found to be 
given by 
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F4(7, l . a ) ~ 2a[l + (l - 0 ) 7 - ' ] ; 

F5(7, l . a ) - - 7 ' -1 ( a - 1) 7 -1 2 - ' ( - 2a ' -H2a - 15) + 2-2(8a2 - 56a'-1 3a-1 75) 7 - ' ; 

F6(7, l , a ) - 2 a - (2a '+a) 7 - ' ; 

F7(7. l , a ) - - 7 ' + 2 - ' ( 2a - 1 )7 + 2- '(-4a'-1 6a - 15) 

-I- 2-*(l6a2 - 40a' - 30a-l75) 7- ' ; 

F8(7, l , a ) - a[7-^2-'(-8a•^5) + 2-2(32a'- l6a - 97) 7" ' ] ; 

F,(7, l , a ) - 2(a- 1 ) 7 ' + (-2a'- l3a) 7 -I- 2- ' (4a2- 10a ' - 3a ) 

-̂  2-2(-16a^+56a2-^86a'- 117a)7 - ' . (B-63) 

The first two of these can also be obtained by letting p = 1 in Eqs. (B-51), 
noting that gi(l) and gi(l) a re zero, from Eqs. (B-23), (B-24), and (B-21). 

13. 7 - 5 A ( 7 ) Fj(7, l , a ) , j = 4,5,6,7,8,9 

By Eqs. (125), (126), and (127) we have 

7 -2A(7 ) F4(7, l , a ) = -2a7-2{[a-l-2-hK(7)] f2(7) + f4(7)+7-'A(7)}; 

7 - 2 A ( 7 ) F5(7, l , a ) = -4a7-2f2(7) -̂  7 - ' [7 '+ 4 - K ' ( 7 ) - 2K(7)] f3(7) 

+ [7-2-^(-a-H) 7-^-h2- ' (2a ' - 12a-H5)7-5] A(7); 

7 - 5 A ( 7 ) F6(7. l . a ) = -2a[7-2f2(7)+7"'A(7)]; 

7"5A(7) F7(7, l , a ) = - 7 - 2 K ( 7 ) f3(7) + [ 7 ' ' + 2 ' ' ( -2a + D 7 ' ^ 

+ 2 - ' ( 4 a ' - 6 a - H 5 ) 7-^] A(7); 

7 - 2 A ( 7 ) F 8 ( 7 , l , a ) = a{-7"2K(7) fi(7) + 47-^[a +K(7)] f2(7) 

+ 47-2f4(7) + [7-^ + 2 - ' ( 8 a - 5 ) 7 " ' ] A(7)}; 

7 - 5 A ( 7 ) F , ( 7 , l , a ) = 2a7- ' [4-K' (7) ] f2(7) + 2 7 - 2 [ K ' ( 7 ) - 7 ' - 4] f3(7) 

-̂  [2( -a-H) 7-2-F ( 2 a ' - 3 a ) y'-^+ 2-^{-4a? + lOa^+ 3a.) y'^] My). 

(B-64) 
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Subs t i tu t ion f r o m E q s . (B-31) , (B-33) , and (B-43) into Eq . (B-64) y i e l d s 

7-2A(7) F4(7, l , a ) - a [ 2 ( a - 1) 7 - • - ^ ( l 2 a - 3) 7- '-F 2- ' (18a-^ 33) 7-2 

-12-2(72a- 423) 7-^-F2-2(-90a-f495) y'^ 

-H2-'(-900a-l-8415) 7-' '-I-2-*(765a - 9 540) 7 - ' ' ] ; 

7-5A(7) F5(7, l , a ) - 2 - 2 ( - 8 a 2 - f 5 6 a ' - 3 a - 75) 7 - ' + Z'^-ZAa^ + llla^ + Zla.) 7 - ' 

+ 2-' '(-384a2-f 1 6 8 0 a ' - 2 1 3 a - 7395) 7-2 

+ 2-' '(144a2 - 3 1 5 a ' - 2619a-l-6930) y"^ 

-I- 2 - ' " ( - 2 4 , 1 2 0 a ' - H 05,525a-I-82,755) 7-2 ; 

7-2A(7) F J 7 , l , a ) - a [ ( 2 a - H ) 7 - ' - F 2 - ' ( 1 2 a - h 9 ) 7- ' -1-2- ' (24a4-33) 7"^ 

- l -2-*(-36a- 351) 7 - n 2 - * ( 6 7 5 ) 7-=-^ 2 - 8 ( - 3 4 2 0 a - H 035) 7 - ' 

-f 2-2(315a - 2070) 7 - ' ] ; 

7-2 A{7) F7(7, l . a ) - 2-*(-l6a2-f 40a'-l-3 0 a - 75) 7 " ' + Z'*(-48a? + ba} + 4Sa) 7 - ' 

+ 2 - ^ - 7 6 8 a 2 - 9 6 a ' - 2394a - 7395) 7-2 

+ Z-^(Z88a} + bbba? ^ 5 4 6 3 a - 6930) 7"* 

-I- 2 - " ( -48 ,240a ' - l - 14,130a 4-82,755) 7-2; 

7-2A(7) Fe(7, l , a ) - a[2-2(-32a^-1- I6a4-97) 7 - ' 4-2-2(-96a ' - 8 7 a - H 29) 7 - ' 

- I -2- ' ( -1536a ' - 1 8 2 4 a - 789) 7-2-f 2- ' (576a2 4-2 601a 4-4680) 7-* 

-l-2- '°(-83,160a-l-6525) 7-2 

- l -2-" ' (27 ,360a '4-3825a- 128,655) 7-^] ; 

7 - 2 A ( 7 ) F , ( 7 , l , a ) ~ a [ 2 - 2 ( l 6 a 2 - 56a^ - 86a-I- 117) 7 - ' 

-f 2-2(48a2 - 5 4 a ' - 3 2 7 a - 162) 7 - ' 

-l-2-' '(768a2- 672a^- 2310a 4-3033) 7-2 

-l-2- ' ' (-288a2- 3 7 8 a ' - 3069a-I-8406) 7-* 

- l-2- '°(48,240a' - 6 2 , 3 7 0 a - 326,025) 7-2] . (B-65) 



99 

Using t a b u l a t e d v a l u e s . E q s . (B-64) and E q s . (B-65) . we find tha t 

10-2A(10) F4(10.1,1) = 0 . 1 1 1 6 3 9 - 0 . 1 1 1 6 2 3 ; 

10-2A(10) F4(10,1,1 .5) = 0 . 4 1 4 7 9 7 - 0 . 4 1 4 7 7 3 ; 

10-2A(10) F5( I0 ,1 ,1) = -0 .28516 - -0 .28448 ; 

10-2A(10) F5(10,1 ,1 .5) = 0 . 4 5 6 4 8 - 0 . 4 5 7 1 9 ; 

10-2A(10) F6(10,1,1) = 0 . 4 1 7 2 2 9 8 - 0 . 4 1 7 2 2 1 9 ; 

10-2A(10) F6(10.1.1-5) = 0 . 8 2 5 1 6 9 - 0 . 8 2 5 1 5 7 ; 

10-2A(10) F7(10,1,1) = -0 .16587 - - 0 . 1 6 5 5 6 ; 

1 0 - 2 A ( 1 0 ) F7 (10 , l , 1 .5 ) = -0 .06049 - -0 .06016 ; 

1 0 - 2 A ( 1 0 ) F8(10,1,1) = 0 . 9 1 7 9 4 3 - 0 . 9 1 7 8 8 1 ; 

1 0 - 5 A ( 1 0 ) F8(10 ,1 ,1 .5 = 0 . 4 3 8 9 9 0 - 0 . 4 3 8 8 8 3 ; 

1 0 - 2 A ( 1 0 ) F9(10,1,1) = -0 .72365 - -0 .72452 ; 

10-2A(10) F , (10 ,1 ,1 .5 ) = -2 .71576 - - 2 . 717 1 4 . (B-66) 

By def in i t ion (131). 

S m n ( x ) ^ ^ r t - g ' ^ ( - ^ ) s m ( t . i ^ ) d t ; 

m = 0 ,1 ,2 , . . . 2n - 1; n = 1,2,3, . . . . (B-67) 

The a s y m p t o t i c e x p a n s i o n for l a r g e x of th i s funct ion i s g iven by 

Nmn(x) 

z 
k=o 

with 

x ) ~ Z ^-nkx-"^ (B-68) 

^ ( n - ^ k - l ) ! ( m - ^ 2 k ) ! ( B - 6 9 ) 
^mnk - (n - 1) ; k! m! ' 

The quan t i ty Nmn(x) i s the l a r g e s t va lue of k for which the s e r i e s in 
Eq . (B-68) i s m o n o t o n i c a l l y d e c r e a s i n g . S ince by c o m p a r i s o n wi th Eq . (B-56) 
we s e e tha t 

s m n k = l q m n k l . ( ^ - 7 0 ) 
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it follows that the values of Nmn(x) are the same in the expansion for Qmn 
and Smn. f°r a given m, n, and x. From Eqs. (B-56), (B-57), (B-68), and 
(B-69), we also observe that 

Smn(x) ~ Qmn(-)- ^""'''^ 

Since in Eqs. (137) Soi(x) is given in terms of the exponential inte­
grals E*(x) and Ei(x), the asymptotic expansions" for E+ and E, can be 
substituted into this equation in order to obtain the asymptotic expansion 
for Soi. In this way we can show that Eqs. (B-68) and (B-69) hold for 
m = 0 and n = 1. It can then be proven that Eqs. (B-68) and (B-69) are 
true for arbitrary m and n by induction, making use of the recurrence 
relations (109) which are valid for Sj^jj. 

The expansion given by Eqs. (B-68) and (B-69) can also be obtained 
by use of the technique discussed in Ref. 14, pp. 63-67. 

15. Wm(x) 

From Eq. (l60) we have that 

m - i 

z Wm(x) = Ci(x) - 1^ 4 ^ sin ( x - ^ l m = 0,1,2 (B-72) 

Reference 22 gives the asymptotic expansion of the cosine integral as 

^ / ^ / 1 2! 4: 61 \ . 
Ci(x) - - + — - — +...] s m x 

\ X x X X / 

-(—- — + — - — +..] COS K, (B-73) 
W x̂  x6 x8 / 

which can also be written as 

Ci(x)~ Z ^ î-̂  ( - - 7 ^ ) - (B-74) 
j=o xJ + ' \ / 

The substitution of Eq. (B-74) into Eq. (B-72) yields 

Wm(x) - Z - ^ ^1" V ' z ) ' "" " ° ' ' ' ^ (B-75) 
j=m xJ 



101 

Append ix C. P r o o f of the Modif ied F o r m of W e b e r ' s I n t e g r a l T h e o r e m 

In Ref. 13, pp . 4 6 8 - 4 7 0 , W a t s o n p r o v e s the following t h e o r e m , a t t r i b ­

u ted to W e b e r : 

T h e o r e m 1: 

r̂ W e b e r ' s I n t e g r a l T h e o r e m . If I f (7) 7 d 7 e x i s t s and i s a b s o l u t e l y 

c o n v e r g e n t , w h e r e e > 0, and 

n ° m ( 7 . p ) ^ Y m ( 7 ) J m ( 7 P ) " J m ( 7 ) Y m ( 7 P ) , ( C - D 

then 

r» CO r>(x> 

\ \ 7 p f ( 7 ) n m ( 7 . p ) f^mdl .p ) d 7 d p 

= T [ J m ( ^ ) + Y'm(^)][f(T1 + 0) + f ( 7 1 - 0 ) ] , (C-2) 

w h e r e 71 l i e s i n s i d e an i n t e r v a l in which f(7) h a s l i m i t e d t o t a l f luc tua t ion . 

The proof of t h i s t h o r e m in Ref. 13 i s b a s e d on two l e m m a s . T h e s e 

a r e : ^ 

L e m m a 1. If I F ( 7 ) 7 ' ' ' d7 e x i s t s and i s a b s o l u t e l y c o n v e r g e n t 

(e > 0), t h e n 

l i m \"^ \ F ( 7 ) C m ( 7 ^ ) 7 d 7 = 0. (<= -̂3) 

^-~ Je 

w h e r e the c y l i n d e r funct ion C m i s def ined by 

C m ( z ) = a [ c o s 0 J m ( z ) + s in 0 Y m ( z ) ] , (C-4) 

a and 0 be ing c o n s t a n t s . 

L e m m a 2. If I F ( 7 ) 7 ' ^ ' d7 e x i s t s and i s a b s o l u t e l y c o n v e r g e n t 

(e > 0) , t h e n 

• S e e Ref. 13, pp . 4 6 4 - 4 6 9 , for the p r o o f s of t h e s e l e m m a s . 



102 

lim / F{y)[yC^+yiy\) C^{rj\) - -qC^+iiriX) Cmiy'^)] - ^ - ^ z 

= |a ' [F(7l + 0) -̂  F(7l- 0)], (C-5) 

provided 7) lies inside an interval in which F(7) has limited total 

fluctuation. 

In the solution of the problem discussed in this report, an integral 

representation is employed which is similar in appearance to Eq. (C-2), 

but which involves the kernel fim. defined by 

nm(7.P) = Ym(7) Jm(7P) " Jm(7) Ym(7P). (^"6) 

We will prove here the corresponding theorem for this kernel, following 

closely the proof of Theorem 1 in Ref. 13 and making use of Lemmas 1 

and 2. 

Theorem 2: 

Modified Form of Weber's Integral Theorem. If I f(7) 7 d7 

exists and is absolutely convergent, where e > 0, then 

CO / .oo 

7pf(7) i^m(7.P) "m('n.P) <i7dp n 
= T { [ J m ( ^ ) ] ' + lY'm(r,)V}[i{r, + 0) + f(-n-0)], (C-7) 

where TI lies inside an interval in which 1(7) has limited total 

fluctuation. 

The hypotheses of this theorem and Theorem 1 are evidently some­

what more restrictive than is necessary. In particular, in the traditional 

statement of Weber's Integral Theorem,• the integration limit e is taken 

to be zero, which requires a restriction on the behavior of f(7) as 7-*0. 
-co 

Theorems 1 and 2 are also true for functions f(7) for which j f(7) 7 d7 i 
does not exist , but the proofs for l e s s r e s t r i c t i v e condit ions a r e m o r e 

lengthy and tedious .** In o rde r to make extensive use of Watson ' s develop­

ment , pa r t i cu la r ly L e m m a s 1 and Z, we have re ta ined his hypo theses . In 

*See Ref. 26 and Ref. 15, p. 74, for instance. 
**See Ref. 11, Appendix B, where Blenkarn proves Theorem 2 for the particular case m = 0. In his proof 

e = 0 and the restrictions on f(y) are that f(y )/y is bounded as y -• 0 and f(-y) is monotonically 
decreasing for large y. 
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applying Theorem 2 to the problem discussed in this report , we assume that 
Eq. (C-7) holds (with e = 0) for our unknown function 720(7) [see Eqs . (62), 
(63)]. The solution of the problem is then independently verified through the 
governing field equations and boundary conditions, so there is no need to 
rigorously prove Theorem 2 for the part icular case of our solution. 

Proof of Theorem 2. Define the auxiliary functions ^^1 ^'^d M: 

nm(7 .P) - Ym(7) Jm(7P) - Jm(7) Ym(7P). (C-8) 

M(7.ri,p) = •qpn^{y,p) n'^{r,,p) - yp^^iV.P) ^'rr^iy.P)- (^-9) 

By Eqs. (C-6) and (C-8), 

M(7,r), 1) = 0, (C-10) 

and, using the r ecur rence relations for the Bessel functions, we have 

5M(7,n,p) ^ ( 2 . ^ 2 ) p ^ ^ ( ^ ^ p ) n^(7i,p). (c-11) 

dp 

We conclude from Eqs . (C- 10) and (C- 11) that 

M(7,T),X) = (7 ' -T) ' ) / P"m(7,P) fim(^.P) dp. (C-12) 

Define 

1(7)) = lim / 7f(7) I pfim(7.P) nm(T).p) dpd7. (C-13) 
>̂ -* '=° Je JI 

The substitution of Eq. (C- 12) into Eq. (C- 13) yields 

V e 
1(71) = l i - / H^lUm^dy. (C-14) 

Replacing Q^ and Q'^ in Eq. (C-9) by their definitions (C-6) and (C-8), and 
using the r ecu r rence relat ions for the Bessel functions, we have from 
Eq. (C-14) that 

I(T]) = Y I j (^) ' 
(C-15) 
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w h e r e 

r Xy 
1,(7)) = lim / f(7) Y;n{7) Ym(^)[7Jm+l(7^) Jm(7)^) " 7lJm+i(r)^) J i t i ' ^ ^ ) ) - ! I F d T i 

IZ(T)) ^ lim r f(7) Jm(7) Jm(l)[7Y^+,(7^) Ym(7|^) - 7lY„+,(r)X) Ym(7:^)] ; ^ ^ ' ' ' ' ' 
X~^^J^ ^ ' 

l,{-q) s - l i m r -jflTXJmlT) Ym(7l) + Jm(7)) Y ; ^ ( 7 ) ] [7^^+1(7 ^) Pm(7)^) 

l P m + l ( l ^ ) Pm(7^)] ^ ^ d 7 ; 
7 - 7] 

l,(r,) E lim / if(7)[Jm(7) YJTilr,) + J ;^(T)) Ym(7))(7Qm-n(7^) Qm(l^) 
X-co^ 

• l Q „ + , ( 7 ) X ) Q ^ ( 7 X ) ] ^ ^ d 7 ; 
7 - 7|' 

Mr]) s lim / T £ ( 7 ) [ J m ( 7 ) Y;r,(l) " Jm(7|) Y ; ^ ( 7 ) ] [7 Jrr, + ,(7^) Ym(7)^) 

- 7Ym+,(7^) Jm(TlX) + TIJ^+J{T)X) Y ^ I T X ) - 7iY^+,(7)X) 1,^,(7^)] " T ^ ^ 7 , 
7 - 'n 

and the cy l inde r funct ions P j ^ and Q^^ a r e defined by 

P m ( Z ) = J m ( Z ) + Ym(Z) ; 

Qm(Z) - J m ( Z ) - Ym(Z) . 

(C-16) 

(C-17) 

•r Since , by h y p o t h e s i s , I f(7) 7 d7 e x i s t s and is abso lu t e ly c o n v e r g e n t , the 

f i r s t four i n t e g r a l s in E q s . (C-16) can each be eva lua t ed by the app l i ca t i on 

of L e m m a 2. Tab le C- I i n d i c a t e s the c o r r e s p o n d e n c e be tween t e r m s in 

L e m m a 2 and the d e s i r e d i n t e g r a l s . 

TABLE C - 1 . Correspondence between T e r m s in Lemma 2 
and the Integrals Ij(r|). j - 1,2.3,4 

Integral 

Ii 

h 

u 

T e r m s in (C-4), (C-5) 

F(7) 

f(7) Ym(7) Ym(7)) 
f(7) Jm(7) Jm(7l) 
- i f ( 7 ) [ j ; n ( 7 ) Y'mirt) + y^(ri) Y ; ^ ( 7 ) ] 

-i-f{7)[Jm(7) Y;„ (T) ) + J ; „ ( T , ) Y ; ^ ( 7 ) ] 

*--m 

J m 
Ym 
Pm 
Qm 

0 

1 
1 

* 
0 

./z 
71/4 
-TT/4 
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Therefore, we have 

Ii(^) = T [ Y m ( ^ ) ] ' [f(r) + 0) + f (7 , -0) ] ; 

hM = i [ J m ( ^ ) ] ' [f(T) + 0) + f (7l -0)] ; 

l3(^) = - f Jm(^) ^'mi-nUiiri + 0) + f(7} - 0)] ; 

l4(r)) = | j ; n ( r i ) Y;^(7i)[f(7i + 0) + f(7i + 0)] , (C-18) 

provided T) lies inside an interval in which 1(7) has limited total 
fluctuation. 

The integral 15(7)) can be expressed as the sum of four integrals 
each of which can be evaluated using Lemma 1. Only the first of these will 
be discussed here , since they can all be t reated in the same manner. Consider 

l5i(7i) = lim f 4f(7)[Jm(7) Y'^(-n) - j;„(7i) Y ; „ ( 7 ) ] 

[7Jm+i(7^) Ym(^^)] ^ ^ ^ 7 , (C-19) 
7 - -n 

which is equivalent to 

l5l(7i) = l im [VxY^i-qX)] l im •xA' f F ( 7 ) Jj„+i(7^) 7 d7 , 
X-̂ °° X^°° Je 

(C-20) 

where 

F(7) - i - f ( 7 ) - r ^ [ Jm(7) Y'^M - Jm(^) Ym(7)] . (C-21) 
7 - 7 1 

The first limit in Eq. (C-20) is bounded because of the behavior of the 
Bessel function for large values of i ts argument. The second limit will be 
zero by Lemma 1 if F(7) meets the hypotheses of this lemma. Since 
[Jm(7) Ym(r))-Jm(T]) Y ; ^ I ( 7 ) ] / ( 7 ' - T I ' ) is bounded for 7 near 71, as can 

be shown by L'Hospital ' s Rule, / F(7)Vy"d7 exists and is absolutely 
•X 

convergent if / £(7) 7 d7 exists and is absolutely convergent. 
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C o n s e q u e n t l y , 

l5,(7l) = 15(7)) = 0. (C-22 ) 

By E q s . (C-15) and (C-18) , and the above d i s c u s s i o n of I5 we h a v e , 
f inal ly , tha t 

I ( ^ ) = T { [ J m ( ^ ) ] ' + [Y'miri)]'} [ f(7l + 0) + f(7i - 0)] , (C-23) 

o r , by the def in i t ion (C-13) of l(7l), 

'.CC / . C O 

I I ypi{y) a^iy.p) n^{r),p) dydp 

= T { [ J m ( T l ) ] ' + [ Y ; ^ ( 7 I ) ] ' } [ f (7i+0) + f (71-0)] (C-24) 

which i s wha t was to be shown. 
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Appendix D. Computer P r o g r a m s 

The computer p rograms , which were written in FORTRAN for the 
IBM-704, comprise three groups: P rog rams 8 and 8A solve the integral 
equation (65) for the function D(7l) at 75 points in the interval (0,2000) for 
a = 1 and 3/2, respectively. The boundary condition on Tzz at z = 0 
was checked and the displacement u^ on z = 0 was calculated through the 
use of P r o g r a m s 15, 16, 9, lOA, 14, and 11. Finally, the s t r e s ses T^^. 
T?-Q , and T§ on the hole r = a were calculated by the successive appli­
cations of P r o g r a m s 7, 3A, and 17. 

In addition. P r o g r a m s 1, 2, 3, 4, 5, 6, and 10, which are not r ep ro ­
duced here , were devised to calculate some of the needed auxiliary func­
tions, such as T^z, T^^., fij, Qmn. and A. After being checked to see that 
the functions were computed correct ly and accurately, these programs 
were then incorporated into the programs discussed above. 
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C PROGRAM 8. SOLUTION OF INTEGRAL EQUATION FOR 
C THE FUNCTIONGIXI). ALPHA IS 1.0 (POISSON RATIO _0,_5)j 
C G IS DETERMINED AT 75 POINTS (.25,5,.25),(5,10,.5) , 
C (10,20,1),120,100,5),(100,2000,100). 
C L IS KERNEL OF INTEGRAL EQUATION 
C LO IS EXACT FUNCTION OF XI, ETA 
C LS IS INTEGRAL OVER GAMMA(0,10)BY SIMPSONS RULE 
C LL IS INTEGRAL OVER GAMMA (IC.INF) BY ASYMPTOTIC METHODS 

DIMENSldNETA(75),A(75,75),TABR(66),01(75),Q2(75), 
XQ3(75),Q4i75l,TABJ(66),TABY(66),6(75,1) 
PI = 3.14159^65 
CLIM=1.0E-e 
CST1=1,0320*910 
STORING OF ETAS 
D0801IE=1,20 

801 ETA(IE)=0.25»FLOATF(IE) 
D0802IE=Z1.30 

802 ETA( IE)=-5.+0.5«FLOATF(IE) 
D0803IE = 31,'t0 

c 
c 

804 

805 

D0804IE=41,56 
ETA(IE)=5»IE-180 
00805IE=57,75 
ETA(IE)=10C»IE-
CALCULATION OF 
INITIALUATIDN 

-5500 
LS(XI 
PLUS 

,ETA) 
VALUE FOR GAMMA EQUAL 10 

JG=1 
IG=100 
GDTO806 

C INTEGRATION FOR GAMMA(.1,9.9,.1) 
C GAMMA ROUTING 

813 J G=2 
IG=1 
G0TO806 

815 IGi^IG+2 
I F ( 9 8 - 1 G ) 8 1 6 , 8 1 8 , 8 0 6 

816 JG=3 
i G = 2 
GOT0806 

8 1 8 JG=4 
G 0 T 0 8 0 6 

C SUBROUTINE FOR F I , F 2 , F3 
8 0 6 G = 0 . 1 » F L O A T F { I G ) 

L 1 = BE^SKF(G,C. , 1 , 6 6 , X L 0 C F 1 T A B R I I 
AKO=TABR(1) 
A K 1 = T A B R ( 2 ) 

_G2=G»G 
A K = - ( 2 . + ( G 2 » A K l ) / ( G « A K 0 + 2 . » A K l ) ) 
AKSQ=AK«AK 

_FFG=G2«(G2 + 8 . -2_ .»AK)+l_2_. 
FFGl = G 2 + ' , . - A K S 0 
DELG2 = ( F F G l « F F G - ' f . « G 2 + A K » ( 8 . « G 2 + 2 ' , . 

_ X - G 2 » A K - 6 . » A K S Q ) ) / G 2 
F 1 = 1 . - ( C 2 « F F G 1 + 3 . » A K S Q ) / D E L G 2 
F 2 = 2 . « ( G - l . + A K « ( - G 2 + ( G 2 + 3 . ) « A K ) / D E L G 2 ) 
F3 = - G * ( G 2 + 4 . 8 7 5 J _ + _ 2 , 5 -AKSQ*FFG/DELI i2_ 
FUNCTIONS OF GAMMA, ETA, X I 
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IX=1 
810 X=ETA(IX) 

SGX=X»X/(X»X+G2) 
IE=1 

811 E=ETA(IE) 
SGE=E»E/ie»E+G2) 
DLSIN = (SGX«SGE)«(FH-(SGX*SGE)»F2*(SGX*SGE)»F3) 
GOTO(807,814,817,819),JG 

C XI, ETA ROUTING 
806 lE^IE-H 

IF(IX-IE)809,811,811 
809 IX=IX+1 

IF(75-IX)812,810,810 
812 G0T0(813,815,815,820), JO 

C SUMMATIONS 
807 A(IX, IE)-0.54-0LSIN 

GOT0808 
814 A(IX, IE) = A( IX,IE)-f4.»DLSIN 

G0T08C8 
817 A(IX,IE)=A(IX,IE)+2.»0LSIN 

GOT0808 
819 A(IX,IE)»(A(IX,IE)»2.»DLSIN)/30. 

G0TO808 
820 HRITE0UTPUTTAPE6,887 

C FUNCTIONS OF ETA 
ASYMPTOTIC EXPANSION COEFFICIENTS FOR FI, F2, F3 
Bll=6. 
B12=-0.3 
B13=-0.3675 
814=0.09225 
615=181.828125E-4 
B16=-1403.4375E-5 
617=1676.0566E-6 
618=9726.75E-7 
621 = -
622=' 
623=-

- 0 . 7 5 
- 1 . 0 5 
- . 1 2 9 8 4 3 7 5 

B24=.210375 
625=-498.14648E-4 
B26=-782.4375E-5 
631=11.5546875 
B32=-4.63125 
633=1.2664746 
B34=-8.5781251E-3 
5F1(10),5F2(10),5F3(10) 
F1A=2.7155661 
F2A=-.68562005 
F3A=4.0464440 
CALCULATION OF H FUNCTIONS 
D0825IE=1,75 
E=ETA(IE1 
E2=E«E 
EA=E/10. 
EA2=E2/100. 
EEAA = E2/(100.*E2) 
EEAA2=EEAA»EEAA 
IF(6.-E)860.861,861 
SU6R0UTINE FOR H FUNCTIONS FOR SMALL ETA 

861 ZN7=4. 
ZN6=9. 
EA2N = EA2 
H7=0.0 
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Ĥ_8i0_._0 
663 H7=H7+EA2N/ZN7 

H8=H8+EA2N/ZNa 
ABEN = ABSF(EA2N) 
IF(CLIM-ABEN)862,862,864 

862 tA2N=-EA2N»EA2 
ZN7 = ZN7tl. 
ZN8=ZN8+2. 
GOT0863 

^J>4 H5=EA2»( .333333333-H7) 
H3=EA2»(0.5-H5) 
H1=EA2»(1.-H3) 
^H6=EA2»(.142e57143-H8) 
H4=EA2»(6.2-H6) 
H2=EA2»(.333333333-H4) 
G0T0865 

C H NOT SMALL 
860 H1=L0GF(1.+EA2) 

AT = ATANF(EA) 
H2=1.-AT/EA 
H3=1.-H1/EA2 
_H4=.333333333-H2/EA2 
H5=0.5-H3/EA2 
H6=0.2-H4/EA2 
H7=.333 33 3333-H5/EA2 
H8=.142 85 7143-H6/EA2 

865 CONTINUE 
C CALCULATION OF Q FUNCTIONS 

Ql(IE)=((0.5»B11+B21)«H1+(612+2.5»B22)»H2+(0.5«B13 
X+1.5«B2 3)«H3+(B14+3.5»B24)»H4+(0.5»615+2.»B25)«H5 
X-f( 616<-4.5*626 )«H6-t-0.5»B17«H7-i-B18»H8-F2A» 
XEEAA)/E2 

Q2( IE ) = (631«H1 + 2.»632»H2 + B33»H3 + 2 .»B34«H4) /E2 
Q3( IE) = (0 .S»631»H1*1.5»632«H2*6 33»H3*2.5«634«H4 

X-F3A«EEAA)/(E2»E2) 
04(IE)=-F1A»EEAA+0.5»611«H1+1.5»612«H2+B13»H3 

J< + 2 . 5•814»H4t l .5»B15»H5*3.5«B16«H6*2.»B17«H7 
X+4.5»618»H8-F2A»EEAA2+B21«(H1-EEAA) 
X+3.75«622«(H2-EEAA/3 . )+3 .»623«(H3-0 .5«EEAA) 

JL+Bi 75»624»(H4-0 .2«EEAA)t6 .«e25«(H5 rJ£A A / 3_.J 
X+15.75»B2 6»(H6-EEAA/7.)-F3A»EEAA»EEAA2/3. 
X+0.5»B31»(H1-EEAA-0.5»EEAA2)+2.1875»B32»(H2 
X-EEA A / 1 . - E EAA2 /7 .5 ) t 2 .«B33» lH 3r.O^ 5»EEAA- E EAA 2 / 6 . ) 
X+6.5625«B34»(H4-0.2»EEAA-EEAA2/17.5) 

WRITE0UTPUTTAPE6,888,E,H1,H2,H3,H4,H5,H6,H7,H8, 
I Q K IE) ,Q2( IE ) ,Q3 ( IE) , Q 4 ( I E ) 

825 CONTINUE 
C CALCULATION OF L0(X I,ETA),LL(XI,ETA) 
C DIAGONAL ELEMENTS 

HRITEOUTPUTTAPE6,880 
D0830IE=1,75 
E = ETA(IE) 
DL0=(.109375»PI+E»(-.1875+E»E/12.))»E 
DLL=Q4(IE) 
DLS = A1IE.1E) 
DL=CST1»(DLS+DLL+OLO) 
WRITE OUTPUT TAPE6,883,E,DL0,DLS,OLL,DL 

830 A(1E,IE)=DL/3. 
C OFF-DIAGONAL ELEMENTS 

WRITEOUTPUTTAPE6,890 
D0fl31IX = 2.75 
X=fcTA(IX) 
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X2=X»X 
WRITE0UTPUTTAPE6,884,X 
NE=IX-1 
D06311E = 1,NE 
E=ETA(IE) 
E2=E«E 
DXE=(X-E)»(X+E1 
6LGN=L0GF(X/E) 
SXE0=X2«E2/DXE 
XED=X«E/(X+E) 
DL0 = 0.125»PI»XEO»(3.-5.»XEO/(X<-E))-2.»SXED«6LGN 

XtSXED«(SXEO«6LGN«(X2+E2-9.75)-X2«E2 
X+2.4375»(X2+E2))/DXE 
DLL = SXED»(Q1(IE)-01(IX)+SXED*((Q2(IX)-Q21 IE)) 

X/DXE+Q3(IX)+Q3(IE))) 
DLS=A(IX,IE) 
OL=CST1»(DLO+OLL+OLS) 
HRITEDUTPUTTAPE6,883,E,DL0,DLS,DLL,DL 
COMPLETION OF L(X1,ETA)MATRIX AND WEIGHTING FACTORS 
A(IX,IE)=DL/3. 

831 A(IE,IX)=DL/3. 
D0835IX=1,75 
00837IE=2,18,2 

837 A(IX,IE)=0.5»A(IX,IE) 
A(IX,20)=0.75»A(IX,20) 
D0838IE=21,29,2 

836 A d X , IE) = 2.»A(IX,IE) 
A(IX,30)=1.5*A(IX,30) 
D0839IE=31,39,2 

839 A(IX,IE)=4.»A(IX,IE) 
A(IX,32)=2.»A(IX,32) 
A(IX,34)=2.»A(IX,34) 
A(IX,36)=2.»A(IX,36) 
A(IX,38)=2.«A(IX,38) 
A(IX,40)=6.»A(IX,40) 
00841IE=41,55,2 

841 A d X , IE) = 20.«A( IX,IE) 
D0842IE=42,54,2 

842 A d X , IE) = 10.*A( IX,IE) 
A(IX,56) = 105.«A( IX,56) 
D0843IE=57,75,2 

843 A(IX,IE)=400.»A(IX,IE) 
D0844IE=58,74,2 

844 AdX,IE) = 200.*AdX,IE) 
835 CONTINUE 

C CALCULATION OF Y(XI) 
WRITE0UTPUTTAPE6,891 
XI LESS THAN 10 
D08501X = 1,30 
X=ETA(IX) 
X2=X»X 
Z2=6ESJF(X,0.,1,66.XLOCF(TA6J)) 
Z3=BESYF(X,0.,1,66,XLOCF(TABY)) 
AJ0=TABJ(1) 
AJ1=TABJ(2) 
AY0=TABY(1) 
AY1=TABY{2) 
EJ2PR=(X-4./X)»AJl»2.»AJ0 
EY2PR=(X-4./X)»AYl+2.«AY0 
Y=X2»X2»(EJ2PR»EJ2PR+EY2PR»EY2PR) 
M R1TE0UTPUTTAPE6.885.X,Y 

850 AdX,IX) = A(IX,IX)-Y 
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XI GREATER THAN 10 
D0851IX=31,75 
X=ETA(IX) 
X2=X«X 
X4=X2»X2 
Y=,63661977»X»(X4-1.62 5«X2+3.3 984375tl6.3037109/X2 

X-61.283112/X4) 
WRITE0UTPUTTAPE6,885,X,Y 

851 A(IX,IX)=A(IX,IX)-Y 
_ WRITfc0UrPUTTAPE6,892 

LOAD MATRIX B 
00853IX=1,75 

_853 B( IX, 1)=-1.2732_3^54 
C SOLUTION OF SYSTEM OF ALGEBRAIC EQUATIONS FOR THE 
C FUNCTION G(XI) USING SUBROUTINE MATINV 

C ALLMATINV1A,75,B,1,DETERM) 
WRITE0UTPUTTAPE6,885,(ETA(IX),B(IX,1),IX=1,75) 
FORMATS 

887 FORMATOOHIETA, H FUNCTIONS, Q FUNCTIONS) 
888 F0RMAT(F7.3/6E17.8/6Ei7.8) 
880 FORMAT(44H1SOLUTION OF INTEGRAL EQUATION FOR ALPHA LO/ZIBH OIAGON 

X A L ELEMENT S /19H _ E_T A , LO, LS. LL . L) 
883 FORMAT{F10.3,4E20.8) 
890 FORMAT(22H10FF-DIAGDNAL ELEMENTS/19H ETA, LO, LS, LL, L) 
884 FORMAT (7_H__X I IS F10.3)_ 
891 FORMAT(lOHlXI, Y(XI)) 
885 FORMAT(F10.3,t20.8) 
892 FORMATl31H1XI, G(XI) FOR ALPHA EQUALS 1.0) 

CALL SYSTEM 
END 1 1 , 1 , 0 , 1 , 0 ) ANL-30 
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C PROGRAM 8A. SOLUTION OF INTEGRAL EQUATION FOR 
C THE FUNCTION G(X1). ALPHA IS 1.5 (POISSON RATIO 0.25). 
C G IS DETERMINED AT 75 POINTS (.25,5,.25),(5,10,,5), 
C (10,20,1),(20,100,5),(100,2000,100). 
C L IS KERNEL OF INTEGRAL EQUATION 
C LO IS EXACT FUNCTION OF XI, ETA 
C LS IS INTEGRAL OVER GAMMA(0,10)6Y SIMPSONS RULE 
C LL IS INTEGRAL OVER GAMMA (10. INF) BY ASYMPTOTIC METHODS 

DIMENSI0NETA(75),A(75,75),TABR(66),01(75),Q2(75), 
X03(75),Q4(75),TABJ(66),TABY(66),B(75,1) 
PI = 3.14159265 
CLlM=1.0E-8 
CST1=1.54807365 

C STORING OF ETAS ^̂.̂  
D0801IE=1,20 

801 ETA( IE)=0.25«FLOATFdE) 
D08021E = 21.30 

802 ETA(IE)=-5.+0.5»FLOATF(IE) 
D0803IE=31,40 

803 ETA(IE)=IE-20 
D0804IE=41,56 

804 ETA(IE)=5»IE-180 
D0605IE=57.75 

805 ETA(IE)=100»IE-5500 
C CALCULATION OF LS(XI,ETA) 
C INITIALIZATION PLUS VALUE FOR GAMMA EQUAL 10 

JG=1 
IG=100 
GOT0606 

C INTEGRATION FOR GAMHA(.1,9.9,.1) 
C GAMMA ROUTING 

813 JG=2 „ 
IG = 1 
GOT0806 

815 1G=IG*2 
IF(96-IG)816,818,806 

816 JG=3 
IG=2 „_ 
GOT0806 

818 JG=4 
GOT0806 

C SU6R0UTINE FOR FI, F2, F3 
806 G=0.1»FLOATF(IG) 

Z1 = 6ESKF(G.0..1,66.XLOCF1TA6R)) 
AKO=TABR(1) 
AK1=TABR(2) 
G2=G«G 
AK=-(2.+(G2»AKl)/{G«AK0+2.»AKl)) 
AKSQ=AK»AK 
FFG = G2»(G2*8.-2.»AK)-fl2. 
FFGl=G2+4.-AKSQ 
DELG2=(FFGl»FFG-6.»G2+AK»(12.»G2+36. 

X-1.5«G2*AK-9.»AKSQ))/G2 
F1=1.-(G2»FFG1+4.5»AKSQ)/0ELG2 
F2 = 2.»G-3.+2.«AK»(-G2-KG2 + 3.)«AK)/DELG2 
F3=G»(-G2-»0.5»G-5.1?5l/1.54.1.-AKSa»FFG/(1.5»DELG2) 

C FUNCTIONS OF GAMMA, ETA, XI 
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1X=1 
810 X=ETA(IX) 

SGX=X»X/(X«X+G2) 
IE=1 

811 E=ETA(IE) 
SGE=E«E/(E«E+G2) 
DLSIN=(SGX«SGE)»(Flt(SGXtSGE)«F2*(SGX«SGE)<'F3) 
GOTO(807,814,817,819),JG 

C XI, ETA ROUTING 
808 IE=IE^l 

IF(IX-IE)809,811,611 
809 IX=IXtl 

IF(75-1X)812,810,810 
812 G0TO(813,815,815,820),JG 

C SUMMATIONS 
807 AdX,IE) = 0LSIN-3.83333333 

G 6 T 0 8 0 8 

814 A d X , IE) = A( IX,IE)t4.»DLSIN 
G0TO808 

817 A d X , IE) = A( IX, IE)+2.»DLS1N 
G0TO808 

819 A(1X,IE)=(A(IX,lE)*2.»DLSIN)/30. 
GOTO808 

820 WRITE0UTPUTTAPE6,887 
C FUNCTIONS OF ETA 
C ASYMPTOTIC EXPANSION COEFFICIENTS FOR FI, F2, F3 
C ALPHA1.5 

Bll = a. 
ei2=-i". 
613=-.355 
614=.16325 _ _ ^ ^ _ 
B15=.0011 
616=-.0190075 
617=5257.91797E-6 
618=5876.75E-7 
B21=-2.25 
B22=-1.65 
623=.19453125 
624=.2094375 
B25=-925.353516E-4 
826=431.0625E-5 
831=2.515625 
B32=-3.00625 
633=1.53451172 
634=-.23175 
5F1(10),5F2(10),5F3(10) 
F1A=3.39780533 
F2A=-1.78905591 
F3A=.381009667 
CALCULATION OF H FUNCTIONS 
D0825IE=1,75 
E = ETA(IE) 
E2=E»E 
EA=E/10. 
EA2=E2/100. 
EEAA=E2/(100.+E2) 
EEAA2=EEAA»EEAA 
IF( 8.-E)860,861,86l 
SU6R0UTINE FOR H FUNCTIONS FOR SMALL ETA 

861 ZN7=4. 
ZN8=9. 
EA2N=EA2 
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H7=0.0 
H8=0.0 

863 H7=H7+EA2N/ZN7 
H8=H8*EA2N/ZN8 
A6EN=ABSF(EA2N) 
1F(CLIM-A6EN)862,862,864 

862 EA2N = -EA2N»EA2 
ZN7=ZN7+1. 
ZN8=ZN8+2. 
G0T0663 

864 H5=EA2»(.333333333-H7) 
H3=EA2»(0.5-H5) 
H1 = EA2»(1.-H3) 
H6=EA2«(.142857143-H8) 
H4=EA2»(0.2-H6) 
H2=EA2*(.333333333-H4) 
G0T0865 

C H NOT SMALL 
860 Hl=L0GF(l.tEA2) 

AT=ATANF(EA) 
H2=1.-AT/EA 
H3=1.-H1/EA2 
H4=.333333333-H2/EA2 
H5=0.5-H3/EA2 
H6=0.2-H4/EA2 
H7=.333333333-H5/EA2 
H8=.142857143-H6/tA2 

865 CONTINUE 
CALCULATION OF Q FUNCTIONS 
Ql(IE)=(<0.5»611+B21)»H1+(B12+2.5»622)»H2+(0.5«B13 
X<-1.5>623)»H3*(B14-i-3.5«B24)«H4-K0.5»B15t2.»625)»H5 
X+(616+4.5»626)»H6+0.5»617»H7+B18»H8-F2A» 
XEEAA)/E2 
Q2( IE) = (B31»Hl-t-2.»B32*H2-i-B33»H3<-Z.«634«H4)/E2 
Q3( rE) = (0.5»6 31»Hl + 1.5«B32«H2+B33»H3+2.5»B34»H4 
X-F3A»EEAA)/(E2*E2) 
^4J^XElj=-FlA«EEAA-»0.5»611»Hl-H.5»612»H2-»613«H3 X-f2.5»614»H4+1.5«615»H5 + 3.5»616»H6 + 2.»617»H7 
X+4.5»ei8»H8-F2A»EEAA2+B21»(Hl-EEAA) 
X•3.75«622»(H2-EEAA/3.)t3.»B23«(H3-0.5«EEAA) 
X-f8.75»B24«(H4-0.2«EEAA)+6.»e2 5*(H5-EEAA/3.) 
X+15.75»626«(H6-EEAA/7.)-F3A«EEAA»EEAA2/3. 
X*0.5«B31«<Hl-EEAA-0.5»EEAA2)t2.1875*632«(H2 
X-EEAA/3.-EEAA2/7.5)+2.»633»(H3-0.5«EEAA-EEAA2/6.) 
X+6.5625»B34»(H4-0.2»EEAA-EEAA2/17.5) 
WR1TE0UTPUTTAPE6,RBB.E.H1.H2.H3.H4.H5.H6.H7.H8, 
IQK IE),Q2(IE),Q3(IE),04(IE) 

825 CONTINUE 
C CALCULATION OF L0(XI,ETA),LL(XI.ETA ) 
C DIAGONAL ELEMENTS 

HRITE0UTPUTTAPE6,880 
D0830IE = 1,75 ^̂  
E=ETA(IE) 
DL0=E«PI»(.71875-(E»E)/96.)+(E»E)«((E»E)/18.-.430555556) 
0LL = Q4(IE) 
DLS=A(IE,IE) 
DL=CST1»(DLS+DLL+0L0) 
WRITE OUTPUT TAPE6.663.E.DL0.DLS.OLL.DL 

830 AdE, IE) = DL/3. 
C OFF-DIAGONAL ELEMENTS 

HPJJjniiTPUTTAPE6.a90 
D0631IX=2,75 
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X=ETA(IX) 
X2=X»X 
WRITE0UTPUTTAPE6,884,X 
NE=IX-1 
D0831IE=1,NE 
E=ETA(IE) 
E2=E»t 
DXE=(X-E)«(X+E) 
BLGN=L0GF(X/E) 
SXED=X2*E2/0XE 
XED=X»E/(X+E) 
DL0 = PI»XED«d.5-XEO»(.25/(X + E) + XED/12.) ) 
X-2.»SXE0«BLGNt(SXED»SXED/1.5)»((X2tE2)»6LGN/DXE 
X-1.)+(41.»SXED/(24.«DXE))•{X2tE2-4.»SXED»6LGN) 
DLL = SXE0«(Q1( IE)-Q1(IX)+SXED»((Q2(IX)-Q2( IE)) 
X/0XE + Q3dX)+Q3( IE) ) ) 
DLS=A(IX,IE) 
DL=CST1«(DL0+DLL+DLS) 
WRITE0UTPUTTAPE6,B8 3,E,DL0,DLS,DLL,DL 
COMPLETION OF L(XI,ETA)MATRIX AND WEIGHTING FACTORS 
AdX, IE) = DL/3. 

831 AdE, IX) = 0L/3. 
00835IX=1,75 
D0837IE=2,18,2 

837 A(IX, IE)=0.5«A(IX,IE) 
AdX,20) = 0.75«A( IX,20) 
D0838IE=21,29,2 

838 AdX, IE) = 2.»A( IX, IE) 
A(IX,30)=1.5»A(IX,30) 
D08391£=31,39,2 

839 A( U,lEJ = 4.»A( IX, IE) 
A(IX,32)=2.»A(IX,32) 
AdX,34) = 2.»A(IX,34) 
AdX,36) = 2.»A[ IX,36) 
A(IX,38)=2.»A(IX,38) 
A( IX,40) = 6.»AdX,40) 
D0841IE=41,55,2 

841 A(IX,IE)=20.*A(IX,IE) 
00842IE=42,54,2 

842 AdX, IE) = 10.»A( IX, IE) 
A(IX,56)=105.»A(IX,56) 
D0843IE=57,75,2 

843 AdX, IE) = 400.»A( IX. IE) 
00844IE=58,74,2 

844 AdX, IE) = 200.>AdX,IE) 
835 CONT INUE 

C CALCULATION OF Y(XI) 
WRITE0UTPUTTAPE6,891 

C X̂I LESS THAN 10 
00850IX=1,30 
X=ETA(IX) 
X2=X»X 
Z2=6ESJF(X,0.,1,66,XL0CF(TABJ)) 
Z3=BESYF(X,0.,1,66,XLOCF(TABY)) 
AJ0 = TA8J(1) 
AJ1=TABJ(2) 
AY0=TA6Y(1) 
AY1=TA6Y(2) 
EJ2PR=(X-4 . /X)«AJl+2 .»AJ0 
EY2PR=(X-4. /X)»AYl+2,»AY0 

_Y = X2»X2»(EJ2PR«EJ2PR + EY2PR»EY2PRL 
WRITE0UTPUTTAPE6,Ba5,X,Y 
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650 A(IX.IX)=A(IX,1X)-Y 
C XI GREATER THAN 10 

D0851IX=31,75 
X=ETA(IX) 
X2=X«X 
X4=X2»X2 
Y=.63661977»X«(X4-1.625«X2*3.3984375+16.3037109/X2 

X-61.283112/X4) 
WRITE0UTPUTTAPE6,885,X,Y 

851 A d X , IX) = A( IX,IX)-Y 
WRITE0UTPUTTAPE6,892 
LOAD MATRIX B 
D0853IX=1.75 

853 BdX,l)=-.636619772 
C SOLUTION OF SYSTEM OF ALGEBRAIC EQUATIONS FOR THE 
C FUNCTION G(XI) USING SUBROUTINE MATINV 

CALLMATINV(A,75,B,1,0ETERM) 
WRIIE0UTPUTTAPE6,885,(ETA(IX),B(IX,1),IX=l,75) 
FORMATS 

887 F0RMAT(30H1ETA, H FUNCTIONS, Q FUNCTIONS) 
888 F0RMAT(F7.3/6E17.8/6E17.8) 
B80 F0RMAT(44H1S0LUTI0N OF INTEGRAL EQUATION FOR Al PHA 1 .5 / / 1BH DIAG(JN 

lAL ELEMENTS/19H ETA, LO, LS, LL, L) 
883 F0RMAT(F10.3 ,4E20.8) 
890 F0RMAT(22H10FF-0IAG0NAL FLEMENTS/19H ETA. LO, LS. LL. L) 
884 F0RMAT(7H XI IS F10 .3 ) 
891 FORMATdOHlXI, Y ( X I ) ) 
885 F0RMAT(F10.3 .E20.6) 
892 F0RMAT(31H1XI, G(XI) FOR ALPHA EQUALS 1.5) 

CALL SYSTEM 
END ( 1 , 1 , 0 , 1 , 0 ) ANL-30 
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PROGRAM 15. BOUNDARY CONDITION. 
C INTEGRALS OF G(ALPHA, EIA) X BC(ETA, RHO) 
C BC ARE INTEGRALS FROM 0 TO 10 
C BASED ON PROGRAM 5. 

OIMENSIONRHD(15),ETA(45),bC1(4C,15),BCl5(40,15),CR(9,15) 
DIMENSIDNG(2,40) 
J_ IM tJiS 10NTABR(66) .TABG (66) 
INPUT OF RHUS 
REA0INPUTTAPE7,580,NR,(RHO(IR),IR=1,NR) 

_18_0 _FORMAT( I2/(F12.3) ) 
: STORING OF ETAS 

D01501IE=1,20 
1501 ETAIIE )=t).25»FL0AT F( IE) 

D01512IP=21,30 
1502 ETA(IE)=-5.C+0.5»FLOATF(ILI 

D015U3IE=31.4Q 
1503 ETA(IE)=IE-20 

CST = 2.7L.18982E-2 
: FUNCTIONS OF RHO 

D05C3IR=1,NR 
R=RHU(IR) 
CR(9. IR) = 1./SQRTF(R) 
R1=(R-1.)/R 
R2=R1»(R+1.)/R 
R3 = Rl«(R»R-t-Rtl. )/[R»R) 
AL1=-1.875«R1 
AL2=-.820 3125»R2+3.515625»R1 
_Ai 3=.30761719»R3+1.538C859«R?-6.06371C9»R1 
ALS1=-2.375«K1 
ALS2 = -3.6328125«R2 + 5.64062 5H'R1 
ALS3=-1.743164l«R3t8.6279279«K2-4.7685547«R1 
C R d , IR) = AL1 + R»(1.-ALS1) 
CR(2, IR)=-0.5 + ALl+R»(1.5-ALSl) 
CR(3. IR)=-ALl-l.tR.ALSl 
CR(4,IR)=-ALl-0.5+K«(ALSl-0.5) 
CR(5.IR)=-AL2-AL1+4.87 5»(K-1.)+R»ALS2 
CR(6.IR)=-AL2-0.5«ALl-4.625tR«|ALS2-0.5»ALSl*5.125J_ . 
CR(7, IR)=-AL3-AL2-4.875«ALl*R«(ALS3-f4.8 75»ALSl-2.5) 
CR(8.IR)=-AL3-u.5»AL2-4.625*ALlt0.75+R«(ALS3 

X-C.5»ALS2t5.125»ALSl-1.5) 
503 CONTINUE 

C INITIALIZATION OF BCl, BC15 
D0504IR = 1.NR 
005C5IE=1.40 
R=RHO(IR) 
BCl(IE.IR)=-l./(R»R)-CR(9.1K).(2.»CR(l.IR)tCR(7.IR) I 

50 5 BC15(IE.IR)=-0.25/(R»R)-CR(9,IR)•(3.»CR(2,IR)+CR(8,IR)) 
504 CONTINUE 

£ GAMMA ROUTING 
JG=1 
IG = 1 
G0L0513 

506 lG=IG+2 
IF(100-IG)507|508,513 

.^_5flX^l£=2 
IG = 2 
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G0T0513 
508 JG=3 

G0TO513 
C ETA LOOPING 

509 IE=IE+1 
IF(40-IE)510,511,511 

C RHO LOOPING 
510 IR=IR+1 

IF(NR-IR)512,514,514 
512 G0TD(506,506,515),JG 

C FUNCTIONS OF GAMMA IN INTEGRANDS 
513 G=0.1*FLOATF(IG) 

GSQ=G»G 
Z1=BESKF(G,0.,1,66,XL0CF(TABR)) 
AK0=TABR(1) 
AK1=TABR(2) 
AK=-(2.+(GS0»AKl)/IG»AK0+2.»AKl)) 
AKSQ=AK«AK 
EK2 = AKQt2.»AKl/G 
DELTAl=(GSQ+4.-AKSQ)»(GS0«(GSC+8.-2.»AK)+12.) 
OELTA2=-4.»GSQ+AK»{8.»GS0+24.-GSQ»AK-6.»AKSQ) 
DEK1 = EK2»(DELTA1-»DELTA2) 
DEK15 = EK2»(0ELTAl-H.5»OELTA2) 
FG=GSQ»(GSQ»GSQ+8,»GSQ+12.-2.»GSQoAK) 
HG=GSQ«(GSQ-( GSQ-V3. ) »AK ) 
A41=GS0»(-GSQ»GSQ-9.«GSQ-12.t(3.«GSQ+3.)»AK)/DEK1 
A415=GS0»(-GSQ*GSQ-9.«GSQ-12.+(3.«GSQ+1.5)»AK)/DEK15 
AB41=-HG/DEK1 . 
AB415=-HG/DEK15 
A51=((GSQ+4.-2.»AK)»FG-4.«HG)/DEKl 
A515=((GSQ»4.-2.*AK)»FG-6.«HG)/DEK15 
AB51=-AK»FG/DEK1 
AB515=-AK»FG/DEK15 

C FUNCTIONS OF GAMMA, RHO IN INTEGRAND 
1R = 1 

514 R=RHO(IR) 
GR=G»R 
IF(10.-GK)516,517,517 

517 Z2=BESKF(GR,0.,1,66,XL0CF{TABG)) 
AKR0 = TABG(1) 
AKR1=TA8G(2) 
EKR2=AKR0+2.»AKR1/GR 
EKRP=-(2.»AKR0-KGRt4./GR)«AKRl) 
G0T0518 

C ASYMPTOTIC EXPANSIONS FOR EKR2, EKRP 
516 RT1=SCRTF(1.5707963/GR) 

RT2=-S0RTF(1.5707963»GR) 
GR2=GR»GR 
GR3 = GR»GK2 ^̂  
GR4=GR2»GR2 
EKR2 = RTl»d. + 1.875/GR+. 8203125/GR2-. 30761719/GR3 

Xt.31723022/GR4-.5I549912/(GRZ«GR31 
X + 1. 1276543/(GR3»GR3)-3.C809127/{GR4»GR3)) 
EKRP=RT2»(l.+2.376/GR+3.632ei25/GR2+1.7431641/GR3 

X-.75942993/GR4t.912C369C/(GRZ«GR3) 
X-1.7075908/(GR3»GR3)+4.2488404/(GR3»GR4)) 
G0TO518 
CAI CULATION OF H4, H5 

518 H41=CR(9,IR)»(G»(l.-R)tCR(l,IR)) 
H415 = CR(9,IR)»(G«(1.-R)+CR(2, IR)) 
^H51^CR19. IRI»( (R-1. )*G«GSQ + GSQ«CR(3.IR) 

X + G»CR(5, IR)-fCR(7,IR) ) 
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H515 = C R ( 9 . I R ) « I ( R - l . ) » G » G S Q - t G S C « C R ( 4 . 1 R ) 
X + G » C R ( 6 , I R ) + C R ( 8 , I R ) ) 

CALCULATION OF F 4 , F5 
E M G R = E X P F ( G » ( l . - R ) ) 
F 4 1 = E M G R « ( A 4 1 » f c K R 2 + A B 4 1 » E K R P - H 4 1 ) 
F 4 1 5 = E M G R » ( A 4 1 5 » E K R 2 + A B 4 l D » E K R P - H 4 1 5 ) 
F 5 1 = E M G R » ( A 5 1 « E K R 2 - f A B 5 1 « E K R P - H 5 1 ) 
F 5 1 5 = E M G R « ( A 5 1 5 « E K R 2 + A B 5 1 5 « E K R P - H 5 1 5 ) 
ETA DEPENDENCE 

_LEil 
5 1 1 E = ETA( I E ) •ETA ( I E ) / ( E T A d E ) ' E T A ( I E ) •GSQ) 

B 1 = E « ( 2 . « F 4 1 + E « F 5 1 ) 
B15 = E«( 3 . « F 4 1 5 < - F « F b l 5 ) 
SUMMATIONS 
G 0 T 0 ( 5 1 9 , 5 2 C , 5 2 1 ) , J G 

519 B C K I E . 1 R ) = B C 1 ( I E . I R ) t * . . B l 
6C15(IE,IR)=BC15(IE,IR)+4.»B15 
G0TD5C9 

520 flCLHE,lR)=BCl( IE , IR )«^2. «B1 
BC15(IE,IR)=BC15(IE,IR)+2.»B15 
G0TO509 

521 BCK IE. IRI=CST«(BCl(lF.lRl-fBl I 
BC15(IE,IR)=CST»(BC15dE,IR)*B15) 
G0TO509 

515 D0522IR=1,NR 
WRITEOUTPUTTAPE6,5ai,RHO( IR),(FTA(IE),BCldE,IR), 
1BC15(IE.IR).IE = 1.40) 

522 CONTINUE 
581 FORMAT(1H1F7.3/(F8.3,2E20.8)) 

C G(l.ETA).Gd.5.ETA)FR0M PROGRAM 8 
G(XI) FOR ALPHA EQUALS 1.0 
G(l.l) = .20154125 
G(l,2) = .20993569 
G d . 3 ) = .21978752 
G d . 4 ) = .22626457 
G(l.5)=.21693650 
G d . 6 ) = .18155049 
G d . 7 ) = .13003021 
G(1.8)=.84137466E-1 
G d . 9 ) = .52481723E-l 
G(1.10)=.33041545E-1 
G(1.11)=.21327350E-1 
G(1.12)=,14224672E-1 
C(1.13)=.97755832E-2 
G(l.I4)=.69195Q35E-2 
G(l,15)=.50199737E-2 
G(I,16)=.37282833E-2 
G(1.17)=.28227726E-2 
G(l,18)=.21768700E-2 
G(l,19)=.17043766E-2 
Gd.20)=.13537167E-2 
G(l,21)=.88540018E-3 
G(l,22)=.60372C03E-3 
G(1.23)=.42581421F-3 
G(l,24)=.30909523E-3 
G(l,25l=.22985333E-3 
G(1.26)=.17456127E-3 
G ( l , 2 7 ) = . 1 3 4 9 8 3 3 6 E - 3 
G d , 2 8 ) = . 1 0 6 0 6 5 2 3 E - 3 

__G ( l t 2 9 J = ^ 8 4 3 1 5 4 1 n F - A _ 
G ( l , 3 0 ) = . 6 8 1 9 4 9 a 8 E - 4 
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G(l,31)=.45863959E-4 
G(l,32)=.31998922E-4 
G(l,33)=.23C14C08E-4 
G(l,34)=.16982160E-4 
Gd,35)=.12808580E-4 
G(l,36)=.98455451E-5 
G(l,37)=.76940523E-5 
G(l,38)=.61C09600E-5 
G(l,39)=.49006505E-5 
G(l,40)=.39822131E-5 

C G(XI) FOR ALPHA EQUALS 1.5 
G(2,1)=.97895779E-1 
G(2,2)=.987135S6E-1 
G(2,3)=.10012834 
G(2,4)=.99914737E-1 
G(2,5)=.92933235E-1 
G(2,6)=.75519875E-1 
G(2,7)=.525925G2E-1 
G(2,8)=.33125947E-1 
G(2,9)=.20145591E-1 
G(2,10)=.12380441E-1 
G(2,ll)=.78127421E-2 
G(2,12)=.51004198E-2 
G(2,13)=.34359130E-2 
G(2,14)=.23866579E-2 
G(2,15)=.17014134E-2 
G(2,16)=.124293e0E-2 
G(2.17)=.92674737E-3 
G(2,18)=.70445783E-3 
G(2,19)=.54421783E-3 
G(2,20)=.42685846E-3 
G(2,21)=.27293737E-3 
G(2,22)=.18244641E-3 
G(2,23)=.12646843E-3 
G(2,24)=.90412962E-4 
G(2,25)=.66339907E-4 
G(2.26)=.49789584E-4 
G(2,27)=.38101513E-4 
G(2,28)=.29663067E-4 
G(2.29)=.73443080E-4 
G(2,30)=.18778225E-4 
G(2,31)=.12473916E-4 
G(2.32)=.86167022E-5 
G(2,33)=.61473403E-5 
G(2,34)=.45062138E-5 
GI2.35)=.33H02395E-5 
G(2,36)=.25865050E-5 
G(2,37)=.20136259E-5 
G(Z.38)=.159I5941E-5 
G(2,39)=.12750054E-5 
G(2,40)=.10336716E-5 
MULTIPLY 6Y WEIGHTING FACTORS 
D0730J=1,2 
00720IE=1,19,2 

720 G(J.IF)=G(J.IE)/3. 
00721IE=2,18,2 

721 G(J,IE)=GIJ,IE)/6. 
G(J.20)=G(J.20)/4. 
0O722IE=21,29,2 

722 G(J,1E)=G(J,IE)/1.5 
D0723TF = ?2.28.2 

723 G(J,IE)=G(J,IE)/3. 
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:,(J.30)=0.5»C(J.30) 
DC724IE=3l.39.2 

724 G(J.lE)=G(J,IE)/.75 
D0725IE = 32,38.2 

725 G(J,IE)=&(J,IE)/1.5 
730 G(J,4CI=G(J,40)/3. 

C OllEJiR A.LLO.N „0.V_£R_£1_AJ. P.H Ax£XAJ . 
WRlTEOUTPUTrAPE6,1590 

1590 FORMAK12H1PR0GRAM 15./63H RHO, CONTRIBUTION TO IZZ STRESS FROM BC 
11, .BXl5_j_SAilM.A__ti3j__i.aCii 

D01504IR=1,NR 
TZZ1=0.0 
XZ i iSsJ l tO — 
D015u5 IE= l , 40 
T Z Z l = T Z Z l + G ( l , I £ ) » B C l ( i e , I R ) 

_ L 5 0 5 „ T ; Z 1 5 = T Z Z 1 5 t G ( 2 . I E ) » B C 1 5 ( 1 E . 1 Ri_ 
1504 WRITE0UTPUTrAPE6.1591.RH0(IR).TZ71.TZZ15 
1591 FORMAT(F12.3,2t20.R) 

CALLSYSTEM 
END ( 1 ) ANL-3U 

http://BXl5_j_SAilM.A__ti3j__i.aCii
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C PROGRAM 16. BOUNDARY CONDITION AND UZ 
C INTEGRALS OF GIALPHA. ETA)XJ2(ETA,RHO) _ 
C FOR ETA (0,20) 
C BASED ON PROGRAM 6. 

DIMENSIONTABJ (120), TABY (120 ),TA6S( 120 ),TA6X(12(31jRHg (15J 
OIMENSIONEJ2PR(40).EY2PR(40),E3J(4b,l5),G(2,40),ETA(40) 

C INPUT OF RHOS 
READ INPUTTAPE7, 680,NR,( RHO ( n,I = l,NR» 

680 F0RHAT(I2/(F12.3)) 
C STORING OF ETAS 

DC16011E = 1,20 ^ 
1601 ETA{ IE)=0.25»FL0ATFdE) 

001602IE=21,3C 
1602 ETA(IE)=-5.0-»0.5«FLOATF(IE) 

DC1603IE=31,40 
1603 ETA(IE)=IE-20 

D01604IE = 1,40 
E=ETA(IE) 
E2=E»E 
E4=E2«E2 
CALCULATION OF EJ2PR,EY2PR 
Zl=e£SJF(E,0.,l,120,XL0CF(TA6J)» 
Z2=BESYF[E.0..1.120.XLOCFITABY)) 
AJ0=TABJ(1) 
AJ1=TABJ(2) 
AY0 = TABY11) 
AYl=TA6Y(2) 
EJ2PRIIE)=(E-4./E)»AJl+2.»AJ0 
EY2PR(IE)=(E-4./E)«AYl+2.«AY0 

C CALCULATION OF J2(ETA,RH0) 
D0602IR=1,NR 
R=RHO(IR) 
RE=R»E 
IF(20.-RE)604,605,605 

605 Z3 = BESJF(RE,0-.I.I 20.XLOCF(TABS)) 
Z4=6ESYF(RE,0.,1,120,XLOCF(TABX)) 
AJRC=TABS(1) 
AJR1 = TA6S12) 
AYR0=TABXI1) 
AYR1=TA6X(2) 
AJ2=2.»AJR1/RE-AJR0 
AY2=2.»AYR1/RE-AYR0 
EJ = EY2PR( IE)»AJ2-EJ2PRdE)«AY2 
GCT01605 

604 SN = SINF(E«(R-1. ) ) 
CS=C0SF(E»(R-1.) ) 
CRT=.63661977/SQRTF(R) 
R2=R»R 
R3=R»R2 
R4=R2»R2 
F12=((R-1.)/R2)»(-3.63Z6125«R+.8203125) 
F14=((R-1.)/R4)»(-.75942993«R3-4.027 8625»R2 
X-1.047821n«R-.31723022) 
F16=((R-l.)/(R2<tR4))»(1.7075908»R2»R3 + 3.41766«R4 

X + 4.0406299»R3-t3.5044026»R2 + 2.3519647»R+l. 1276543) 
F21=(2.375«R-1.875)/R 
F23=(-1.7431641«R3+6.8115234»R2-1.9482422»R 
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X-.30761719)/R3 
F25=(R4»( .91203690»R-H.4239311 )+1.4299393»R3 
X+1.1175156»R2+.75342178»R+.51549912)/(R2»R3) 
F27=(R3»(-4.2488404»R4-3.2017 329»R3-.74815527«R2 
X+.23 361370»R-.552984 33)-1.8727116«R2 
X-2.6781790«R-3.0809127)/(R3»R4I 
EJ=CRT»(CS''(l.t(F12tF14/E2*F16/E4)/E2) 
X+(SN/E)»(F21+(F23+F25/E2+F27/E4)/E2)) 
G0TO1605 

1605 E3JdE,IR)=E«E«EJ 
602 CCNT 
1604 CCNT 

C INTE 

INUE 
INUE 
ORATION OVER G 

C G(1,ETA),G(1.5,ETA)FR0M PROGRAM 8 
C G(XI) FOR ALPHA EQUALS 1.0 

G(l,l)=.20154125 
G(l 
Gd 
Gd 

2) = .2 
3) = .2 
4) = .2 

0993569 
1978752 
2626457 

G(l 
G(l 

_G_IJ 
G(l 
G(l 
G(l 

5) = .2 
6) = .l 
7) = .l 

1693650 
8155049 
3003C21 

8) = .8 
9) = .5 
10)=. 

4137466E-1 
2481723E-1 
33041545E-1 

G d 
G d 
G( l 

11) = . 
1 2 ) = . 
13) = . 

21327350E-1 
14224672E-1 
97755832E-2 

Gd 
Gd 
G(l 

14) = . 
15) = . 
16) = . 

69195035E-2 
50199737E-2 
37282833E-2 

G(l 
G(l 
G(l 

17) = . 
18)=. 
19)=. 

28227726E-2 
21768700E-2 
17043766E-2 

G d 
G d 
G ( l 

2 0 ) = . 
2 1 ) = . 
2 2 ) = . 

13537167E-2 
88540018E-3 
60372003E-3 

G(l 
G(l 
G(l 

23)=. 
24)=. 
25) = . 

42581421E-3 
30909523E-3 
22985333E-3 

G(l 
G d 
G( l 

2 6 ) = . 
27) = . 
28) = . 

17456127E-3 
13498336E-3 
10606523E-3 

G d 
G( l 

^ ( 1 
G d 
G d 

_G(1 
G( l 
G( l 
G d 
G d 
G d 
G d 
G(X 
G(2 
G(2 
G(2 
G(2 

_A<2 
G ( 2 

29) = . 
3 0 ) = . 
31) = . 
3 2 ) = . 
3 3 ) = . 
34J = . 
35 ) = . 
3 6 ) = . 
3 7 ) = . 
38) = . 
3 9 ) = . 
4 0 ) = . 
) FOR 
1) = .9 
2) = .9 
3) = . l 
4) = .9 
5) = .9 
6) = .7 

84515418E-4 
68194988E-4 
45863959E-4 
31998922E-4 
23014008E-4 
16982160E-4 
1280a580E-4 
98455451E-5 
7694C523E-5 
61009600E-5 
4900e505E-5 
39822131E-5 
ALPHA EQUALS 1.5" 

7895779E-1 
87135 8^E-1 
0012834 
9914737E-1 
2933235E-1 
5519675E-1 
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G(2,7)=.52592502E-1 
G(2,6)=.33125947E-1 
G{2,9)=.20145591E-1 
G(2,1C1=.1238C441E-1 
G(2,ll)=.78127421E-2 
G(2,12)=.51004198E-2 
G(2,13)=.34359130E-2 
G(2,14)=.23866579E-2 
G(2,15)=.17014134E-2 
G(2,16)=.12429380E-2 
G(2,17)=.92674737E-3 
Gl2,18)=.704457e3E-3 
G12.19)=.54421783E-3 
G(2,20)=.42685848E-3 
G(2,21)=.27293737E-3 
G(2,22)=.18244641E-3 
G(2,23)=.12646843E-3 
G(2,24)=.90412962E-4 
G(2,25)=.66339907E-4 
G(2f26)=.49789584E-4 
Gt2,27)=.38101513E-4 
G(2,28)=.29663067E-4 
G(2,29)=.23443080E-4 
G12,30)=.18778225E-4 
G(2,31)=.12473916E-4 
G(2,32)=.86167022E-5 
G«2,33)=.614734Q3E-5 
G(2,34)=.45062138E-5 
G(2,35)=.33802395E-5 
G(2,36)=.25865050E-5 
G(2.37)=.20136259E-5 
0(2,38)=.15915941E-5 
G(2,39)=.12750054E-5 
G(2,40) = .10336716E-5 
MULTIPLY BY WEIGHTING FACTORS 
D0730J=1,2 
DC720IE=1.19,2 

720 G(JtIE)=G(J,IE)/3. 
D0721IE=2,18,2 

721 G(J,IE)=GlJ.IE)/6. 
G(J,20)=G(J,20)/4. 
00722IE=21.29,2 

722 G(J,IF1=G(J.IE)/1.5 
D0723IE=22,28,2 

723 G(J,IE)=G(J,IE)/3. 
G1J,30)=0.5»G(J,30) 
DC724IE=31,39,2 

724 G(J,IE)=G(J,IE)/.75 
D07251E=32.38,2 

725 G(J,IE)=G(J,IE)/1.5 
730 G(J,40)=G<J,4C)/3. 

WR1TEOUTPUTTAPE6.1680 ^,,, TTTT^ TTT; T^TT" 
1680 FORMAT(4H1RHO/50H CONTRI6UTI0N OF J2 TERM TO TZZl, TZZ15, UZl, UZl 

15) 
DC1606IR=1,NR 
TZZl=C.O 
TZZl5=a.O 
UZ1=0.0 
UZ15=0.0 
001607IE=lf40 
T771 = TZZl+Gd.IE)«F3.IIIE.IR)«ETAlIEl— 
TZZ15=TZZl5+G(2,IE)«E3JdE,IR)»ETAdE) 
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UZl = UZl-Gd,lE)»E3JdE.IR) 
1607 UZ15=UZ15-1.5«G(2,IE)«E3J(lE.IR) 

WRITECUTPUTTAPE6,1681,RH0(IR),TZZ1,TZZ15,UZ1,UZ1S 
1681 FORMAT(F12.3/4E20.8) 
1606 CONTINUE 

CALLSYSTEM 
END ( 1 , 1 , 0 , 1 , 0 ) ANL-30 
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C PROGRAM 9 . BOLNCARY CONDIdCN 
C INTEGRALS OF G(ALPHA, ETA) X fiC(ETA,RHO) 
C BC ARE INTEGRALS CVER LARGE GAMMA >: |0 

D IMENSICNRHO(15 ) .ETA(4C) ,BC l (4n ,15 ) ,BC15 (4Q,15 ) ,CR(9 ,15 ) 
DIMENSICNG(2,40) 
DIMENSICNTABR(6fc),1AB&(66) 
CST3=.135C94912 

C INPUT CF RHOS 
C RFOS TO BE MONOTONICALLY INCREASING 

REACINPLTTAPE7,5 8C,NR,(RHC( I R ) , IR=1,NF!) 
580 FCRMAK I 2 / ( F 1 2 . 3 ) ) 

C STORING OF ETAS 
OC1501IE=1,20 

1501 ETA( IE)=0.25»FLCATF( IE) 
DC15C21E=21.3C 

1502 ETA(IEl=-S.0+C.5«FLCATF(IE) 
DC1503IE=31,4C . 

1503 ETA(It)=1£-2C 
C FtNCTIONS OF RHC 
C CR FUNCTIONS FRCM PROGRAM 5 

0C5C3IR=1,NR 
R=RHU( IR) 
CR(9,IR)=l./SeRTF(R) _ . 
R1=(R-1.)/R 
R2=R1»(R+1.)/R 
R^ = Rl•(R•RtR-^l. )/(R*R) 
AL1=-1.875*R1 
AL2 = - . 8 2 0 3125«R2 + 3 .51562 SniRl 
AL3 = .3 0761719»R3 + 1.538C859»R2-5.05 371fl.9»Rl . ._ 
ALS1=-2 .375*R1 
ALS2 = -3 .6328125»R2- f5 .640625«Rl 
ALS3=-1.7431641«R3+B.6279279»R2-4.7685547"Rl 
CR(1.IR) = AL1 + R»d.-ALS1) 
CR(2, IR)=-0.5-tALl + R»(1.5-ALSl) 
CR(3, IR)=-AL1-1.+R«ALS1 
CR(4,IR)=-ALl-0.5+R«(ALSl-0.5) 
CR(5,IR)=-AL2-AL1+4.875*(K-1.)+R«ALS2 
CR(6, IR) = -AL2-C.5»ALl-4.625 + R«(ALS2-0.5»ALSl + 5.. 125) 
CRI7, IR)=-AL3-AL2-4.875*ALl-tR«(ALS3-f4.875»ALSl-2.5) 
CR(8,IR)=-AL3-e.5»AL2-4.625«ALl+0.75+R«(ALS3 

X-C.5»ALS2+5.1Z5«ALS1-1.5) -
503 CCNTINUE 

C GA^MA ROUTING 
JG = 1 
IG = 20 
GCTC9C3 

909 JG=2 
IG = 21 
GCT09C3 

911 IG=IG+2 
IF(50C-IG)912,913,903 

912 JG=3 
IG = 22 
GCTC9C3 

913 JC=4 
GCTC9C3 

C ETA RCUTING 
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905 IE=It*l 
IFI4C-Itl906,511,5U 

C RFO RCUTING 
906 IR = IR-H 

iF(r,R-iK)>;C8,;i4,5i4 
908 GCT0(909,911,911,9151,JG 

C FLNCTIONS OF CAKMA IN INTE 
9C3 G=C.5«FL0ATF(IG) 

GSQ=G»G 
G3=C»CSQ 
G4=CSC«GSG 

C SLBROLTINES FCR AK, EK2, C 
C ASYMPTOTIC EXPANSIONS 

AK=-G-0.5-1.875/G+l.e75/GS 
l-1.4C625/G4+(7.250976b/G-2 
EK2=(S0RTF(1.57C7963/G))»( 

l-.3C7tl719/G3+.31723C22/G4 
2+1.1276 54 3/GSC-3.C8091Z7/G 
DELTA1=-GSQ«C3-2.»G4-7.125 
1-16.875+2.0654297/G+104.06 
DELTA2=-G4-3.«G3-3.«GS0+1. 
DEKl=EK2*(DeLTAl+DELTA2) 
DEK15=EK2*(DELTAl+1.5«DtLT 
FG = CSC«(GSQ»CSQt8.»C;S0tl2. 
HG=GSC*IGS0-(CSC+3.)»AK) 
A41=GS0»(-CS0«GS0-9,«GSG-1 
A415=GSC»(-GSC«GSC-9.»GS0-
Ae41=-HG/CEK1 
AE415=-FG/DEK15 
A51=((GSO+4.-2.«AK)»FG-4 
A515=((GSC+4.-2.»AK)»FG-6. 
AB51=-AK«FG/DEK1 
AB51b = -AK.«FC/CEK15 

C FLNCTIDNS OF GANMA, RHO IN 
IR = 1 

514 R=RFO(IR) 
&C=C»(R-1.) 
IF(25.-CD)VC8,9G7,9G7 

9C7 GR=G»R 
IK lG.-GR)516,5i7,517 

517 Z2 = D t S K K G R , 0 . , 1 , 6 b , X L l l C F l 
AKRC=1ABG(1 ) 
AKR1=TAHG(2 ) 
E K R 2 = A K R 0 + 2 . » A K R 1 / G R 
E K K P = - ( 2 . » A K k C + ( G R + 4 . / G R ) 
GCTD518 

C ASYMPTOTIC EXPANSIONS FCR 
516 RTl=StRTF(1.5707963/GR) 

RT2=-SGRTF(1.5707 96 3«GR) 
GR2=GR»GR 
GR3=GR«CR2 
GR4=GR2«GR2 
£KR2 = RTl«d.-H.B75/GR+.e2u 

X+,3172 3n22/GR4-.5154 9912/( 
X<-1.1276543/(GR3»GR3)-3.G8C 
tKRP=RT2»(l.+2.37 5/GR+3.63 

X-.75942993/CR4+.9120369C/( 
X-1.7G75V06/(GR3«GR3)+4.246 
GCTCSie 

C CALCULATION OF F4. H5 
518 H41=CR(9,IR)»IG»(l.-R)+CR( 

H415=CR(9,IR)«(G»(1.-R)+CR 

GRANTS 

ELTAl, CELTA2, 

0-1.0546875/03 
1.09375/CSC+58.1520C8/G3)/G4 
l.+l.a75/C+.8203125/GSQ 
+(-.51549912/0 
3)/C4) 
•G3-3.75•GSt+4.2890625'G 
25/GSC 
125«&+6.67 96875/G-19.6875/GS0 

A2) 
-Z.«GSQ»fiK) 

2.+(^.«CSC+3.)»AK)/C£K1 
12.+(3.»GSC+1.5)»AK)/CEK15 

HCI/DEKl 
•FGI/DEK15 

INTEGRANC 

TABG)) 

AKRl) 

EKR2, EKRP 

312;/GR2-.3C761719/GR3 
GR2»GR3I 
9127/(GR4«GR3)) 
26125/Ck2+1.74316sl/GR3 
&R2«GR3) 
840'4/(GR3»GR4) ) 

1,IR) ) 
(2,1R)) 
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H51=CR(9,IR)«((R-l.)«G«GSC+GSe»CR(3,Ifii 
X + G«CR(5,IR)+CR(7, IR) ) 
H515 = CR(9,IR)«((R-1. )«G«GSQ + GSQ»CR(4,IR) 
X + G»CR(6,IR)+CR(8, IR) ) 

C CALCULATICN OF F4, F5 
EMGR = EXPF(G»(l.-R) ) 
F41 = £MGR«(A41«EKR2 + AB41«EKRP-H4_1) 
F415=EMGR»(A415«EKR2+AB415»EKRP-H415) 
F51 = er'GR«(A51*EKR2 + AB51«EKRP-h51) 
F515=EMGR»(A515»EKR2+AR515*EKRP-H515) 

C ETA DEPENDENCE 
IE = 1 

511 E = E T A ( I E ) » E T A d E ) / ( E T A ( IE )»ETA ( I E )+_G_SQJ 
B1=E»(2 . *F41+E*F51) 
B15 = E»(3 .«F415 + £>F515) 

C S L M M A T I C N S _ ._ _ 
GCT0(90 4 , 9 1 0 , 9 1 4 , 9 1 4 ) , J G 

904 BCK I E , IR)=CST3«B1 
B C 1 5 ( I E , I R ) = C S T 3 » B 1 5 
GCTC9C5 

910 B C 1 ( I E , I R ) = B C 1 ( 1 E , I R ) + 4 . » C S 1 3 « R 1 
B C 1 5 ( I E , I R ) = B C 1 5 d E , I R ) + 4 . » C S T3»B 15 
GCTC9C5 

914 B C 1 ( I E , I R ) = B C 1 ( I E , I R ) + 2 . » C S T 3 « B 1 
BC15( I F , I R ) = B C 1 5 ( I E , I R ) + 2 . » C S T 3 » B 1 5 __ 
GCTC9C5 

C OUTPUT 
915 DC916IR = 1,NR 

WRITECUTPUTTAPE6,98C,RHC(IR),(ETA(IE),BC1(IE,IR), 
1BC15( lE.IR),IE = 1,40) 

980 FCRMAK 1H1F8.3/(F8.3,2E20.8) ) 
916 CCNTINUF 

C IMEGRATICN OVER G 
C G(l,ETA),G(1.5,eTAlFR0M PROGRAM 8 , .. _ 
C G(XI) FCR ALPHA ECUALS l.C 

G(l,l)=.20154125 
G( 1,2) = .20993569 
Gil,3)=.21978752 
G(l,4)=.22626457 
Gd,5) = .21693650 „ _.- _- - ~ 
Gd,6)=.16155049 
G(1,7)=.130G3C21 
G(1,8)=.84137466E-1 
G(l,9) = .5248n23E-l 
Gd, 1C)=.33041545E-1 

21327350E-1 
14224672E-1 
97755832E-2 
6 9 1 9 5 C 3 5 E - 2 

G ( l , 1 5 ) = . 5 0 1 9 9 7 3 7 E - 2 
G ( l , 1 6 ) = . 3 7 2 e 2 8 3 3 E - 2 
G d , 1 7 ) = . 2 6 2 2 7 7 2 6 E - 2 
G ( l , l E ) = . Z 1 7 6 e 7 C 0 E - 2 
G d , 1 9 ) = . 1 7 0 4 3 7 6 6 6 - 2 
G ( l , 2 C ) = . 1 3 5 3 7 1 6 7 E - 2 
G d , 2 1 ) = . e 8 5 4 C 0 1 8 E - 3 
G d , 2 2 ) = . 6 C 3 7 2 0 C 3 t - 3 
G ( l , 2 3 ) = . 4 2 5 8 1 4 2 1 t - 3 

30909523E-3 
229e5333E-3 
17456127E-3 
1349e336E-3 

G(l,ll ) = 
Gd,12) = 
G(l,13)= 
Gd,14) = 

G( 1,24)=. 
G(l,25)=. 
G(l,26)=. 
Gd,27)=. 
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7 20 

721 

G( 
G( 
G( 
G( 
G( 
Gl 
G( 
G( 
G( 
G( 
G( 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
G( 
Gl 
Gl 
Gl 
G( 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
G( 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
Gl 
G( 
Gl 
Gl 
Gl 
ML 
DC 
OC 
Gl 
DC 
Gl 
Gl 
DC 

1 , 2 6 ) 
1 , 2 9 ) 
1 , 3 0 ) 
1 , 3 1 ) 
1 , 3 2 ) 
1 , 3 3 ) 
1 , 3 4 ) 
1 , 3 5 ) 
1 , 3 6 ) 
1 ,37 ) 
1 , 3 6 ) 
1 , 3 9 ) 
1,40 I 
XI ) F 
2 . 1 ) = 
2 . 2 ) = 
2 . 3 ) = 
2 . 4 ) = 
2 . 5 ) = 
2 . 6 ) = 
2 . 7 ) = 
2 . 8 ) = 
2 . 9 ) = 
2 , 1 C ) 
2 , 1 1 ) 
2 , 12) 
2 , 1 3 ) 
2 , 1 4 ) 
2 , 1 5 ) 
2 , 1 6 ) 
2 , 1 7 ) 
2 , 1 6 ) 
2 , 19 ) 
2 , 2 0 ) 
2 , 2 1 ) 
2 , 2 2 ) 

. 2 3 ) 
2 , 2 4 ) 
2 , 2 5 ) 
2 , 2 6 ) 
2 , 2 7 ) 
2 , 2 6 ) 
2 , 2 9 ) 
2 , 3 0 ) 
2 , 3 1 ) 
2 , 3 Z ) 
2 , 3 3 ) 
2 , 3 4 ) 
2 , 3 5 ) 
2 , 3 6 ) 
2 , 3 7 ) 
2 , 3 6 ) 
2 , 3 9 ) 
2 , 4 C ) 
L T I P L 

73CiJ = 
7 2 0 1 E 
J , I E ) 
7 2 1 I E 
J , IE ) 
J , 2 0 ) 
7 2 2 I E 

= . 1060652 
=.6451541 
=.6819496 
=.4586395 
=.3199692 
=.2301400 
=.1698216 
=.1280656 
=.9645545 
=.7694052 
=.6100960 
=.4900650 
=.3982213 
OR ALPFA 
.97895779 
.96713586 
.10012634 
.99914737 
.92933235 
.75519675 
.52592502 
.33125947 
.20145591 
=.1238044 
= .7812742 
=.5100419 
=.3435913 
=.2386657 
=.1701413 
= . 1242936 
=.9267473 
=.7044576 
=.5442176 
=.4268584 
=.2729373 
= . 1824464 
= . 1264684 
=.9041296 
=.6633990 
=.4978956 
=.3810151 
=.2966306 
=.2344306 
= . 1877622 
=.1247391 
=.6616702 
=.6147340 
=.4506213 
=.3360239 
=.2586505 
=.2013625 
=.1591594 
=.1275005 
=.1033671 
V HY WEIG 
1,2 
=1,19,2 
=GlJ,I£)/ 
=2,18,2 
=G(J,IE)/ 
=GIJ,20)/ 
=21,29,2 

3E-3 
8t-4 
8E-4 
9E-4 
2E-4 
8E-4 
0£-4 
OE-4 
lt-5 
3E-5 
OE-5 
5E-5 
lE-5 
ECUALS 1.5 
E-1 
E-1 

E-1 
E-1 
E-1 
E-1 
E-1 
£-1 
lE-1 
1&-2 
8E-2 
OE-2 
9E-2 
4E-2 
OE-2 
70-3 
3t-3 
3E-3 
8F-3 
76-3 
lE-3 
3E-3 
2E-4 
7E-4 
4E-4 
3E-4 
7E-4 
Cfc-4 
5t-4 
6F-4 
2E-5 
3E-5 
8E-5 
5E-5 
OE-5 
9e-5 
lE-5 
4E-5 
6E-5 
HTING FACTORS 

3. 
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722 

723 

724 

725 
730 

961 

921 
920 
982 

G(J,IE)=G(J,IE)/1.5 
DC723Ifc=22,28,2 
G(J,IE)=GIJ,It)/3. 
GIJ,30)=0.5»G(J,3C) 
0C724If=31,39,2 
GIJ,IE)=GIJ,IE)/.75 
DC725IE=32,38,2 , . 
G(J, IE)=G(J,IE)/1.5 
GIJ,4C)=G(J,4C)/3. 
WRITtCUTPLTTAPE6,961 
FCRMATl 11F1PRCGRA^' 9./70H RFO, CONTRIBUTICN TC TZZ STRESS FRCM BCl 
1, bC15, GAMMA GREATER THAN 10) 
DC920IR=1,NR . _ 
TZZ1=C.0 
TZZlb=0.u 
0092110 = 1,^0 _. , -
TZZl = TZZl + G(l,IE)»DCldE,lR) 
TZZ15=TZZ15+G(2,It)«BC15lIE,IR) 
k*RlTECUrPUTTAPE6,982,RHCl IR),TZZl,TZZ15 
FCRMAT(F12.3,2E2C.8) 
CALLSYSTEM 
END ( 1 , 1 , 0 , 1 , 0 ) A M - 3 0 
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C PROGRAM lOA. BOUNDARY CONDITION. 
C INTEGRALS OF GlALPHA,ETA)X W(ETA,RHC) 
C BASED ON PROGRAM 10. 
C CALCULATION OF FUNCTIONS OF SINE AND COSINE 
C INTEGRALS BASED ON ARCSIl 
C REVISED TO USE ASYMPTOTIC EXPANSIONS FOR X 
C GREATER THAN 11 

OIMENSIONRHOl15),ETA(40),CR(9,15),W1(40),W15(40),CF(6) 
D1MENSI0NA014),A2(4),A414),A614),QP14) 
DIMENSICNG(2,40),WR1(40,15),WR15(40,15) 

C INPUT OF RHOS 
READINPUTTAPE7,10 80,NR,(RHO(IR),IR=1,NR) 
PI=3.14159265 

C STORING UF ETAS 
DC10aiIt=l,20 

1001 ETA(IE)=0.25»FLQATFlIE) 
DC10G2Ifc=21,30 

1002 ETAlIE)=-5.+0.5«FLOATFlIE) 
DC1003IE=31,4U 

1003 ETAl IE)=IE-20 
CST8=.81056947 

C CR FUNCTIONS FROM PROGRAM 5 
005031R=1,NR 
R=RHOlIR) 
CR(9,IR)=1./SQRTF(R) 
R1=IR-1.)/R 
R2=R1«IR+1.)/R 
R3=R1«(R»R+R+1.)/(R»R) 
AL1=-1.875«R1 
AL2=-.8 20 3125«R2+3.51562 5«R1 
AL3=.30761719«R3+1.5380859«R2-5.05371J9«R1 
ALS1=-2.375»R1 
ALS2=-3.6328125«R2+5.640625'Rl 
ALS3=-1.7431641«R3+8.62 79279»R2-4.76 85 54 7»R1 
CR(1,IR)=AL1+R«ll.-ALS1) 
CR(2,IR)=-0.5+ALltR*(1.5-AL51) 
CR13,IR)=-AL1-1.+R«ALS1 
CRl4,IR)=-ALl-Q.5+R»(ALSl-0.5) 
CR(5,IR)=-AL2-AL1+4.875»(R-1.)+R»ALS2 
CR(6,IR)=-AL2-0.5«ALl-4,625+R»(ALS2-0.5«ALSl+5.125) 
CR(7, IR)=-AL3-AL2-4.875»ALl + R*(ALS3 + 4.875«ALSl-2.5) 
CR(8,IR)=-AL3-C.5»AL2-4.62 5«AL1+C.75+R»(ALS3 

X-0.5»ALS2+5.125»ALS1-1.5) 
503 CCNTINUE 

IR=1 
1055 WRITE OUTPUT TAPE6,1081,RHO(IR) 

IF(RHO(IR)-1.)1071,1071,1072 
1072 D=RHO(IR)-1. 

IE=1 
li)53 EC=D»ETA(IE) 

ED2=EC»ED 
C SUBROUTINE FOR FUNCTIONS CF SINE AND COSINE INTEGRALS, 
C FUNCTIONS CI THROUGH C6. 
1004 IFlEO-11.)1023,1005,1005 

C SUBROUTINE FOR ARGUMENT GREATER THAN 11 USING 
C ASYMPTOTIC EXPANSIONS 
1005 D01006J=1,6 
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CFJ=1.0 
CNJ=1.0 
D01007N=1,15 
XN=N 

' GOTO(1011,1012,1013,1014,1015,1016), J 
1011 XNJ=2«N«(2«N-1) 

GOTOlCOa 
1012 XNJ=2»N»(2»N+1) 

G0TO1008 
1013 XNJ=2»(N+1)»(2»N+1) 

GOT01008 
1014 XNJ=2«(N+1)*(2N-1) 

G0TO1C08 
1015 XNJ=2.»(XN+1.)*(XN+1.)*(2.»XN+1.)/XN 

GCT01008 
1016 XNJ=2.«(XN+1.)«(XN+l.)»(2.»XN+3.)/XN 
1008 CNJ=-CNJ»XNJ/ED2 

IF(XNJ-£D2)1009,1010,1010 
1009 CFJ=CFJ+CNJ 
10U7 FCNJ=CNJ 

GOT01006 
1010 CFJ=CFJ-0.5»FCNJ 
1U06 CF(J)=CFJ 

GOTO1050 
1023 IF(E0-1.0)1024,1025,1025 

C SUBROUTINE FOR ARG. BETWEEN 0 AND 1 
1024 M=l 

MM = 1 
P = ED 
PP=ED2 
PPP=ED2»£D2 
SI=ED»(1.0-PP/18.0) 

1026 Q=0.5»PP 
CI=0.57721567+LOGF(ED)+0.25»PP»(-1.0+PP/24.0) 

1027 ERR0R=1.0E-15 
1028 D01029N=2,50 

AN = N 
BN=2.0»AN 
CN=2.C»BN 

1030 IF{M)1031,1032,1032 
1032 P=P»PPP/((CN-3.0)»(CN-4.0)»(CN-5.0)»lCN-6.0)) 

TERM=P«(l.C/(CN-3.0)-PP/( dCN-1.0)<i«2)«(CN-2.0) ) ) 
IF(ABSF(TERM)-ERROR)1033,1033,1034 

1034 SI=SI+TtRM 
GCT01031 

1033 M=-l 
1031 IF(MM)1035,1036,1036 
1036 Q=0»PPP/((CN-2.0)»(CN-3.0)»(CN-4.0)«(CN-5.0)) 

TERM=-0»(1.0/(CN-2.0)-PP/((CN-1.0)»CN»»2)) 
IF(ABSF(TERM)-eRRUR)10 37,103 7,lC38 

1038 CI=C1+TERM 
GCT01035 

1037 MM=-i 
1035 IF(M)1040,1029,1029 
1029 CONTINUE 
1040 SSI=SI-1.57079633 

SNF=SINF(ED) 
CSF=CCSF(ED) 
CF(1)=ED»(SNF»CI-CSF»SSI) 
CF(2)=-t02»(CSF«CI+SNF»SSl) 
CF(3)=0.5»EO2»(1.0-CF(l)) 
CF(4)=0.5»(CFd)+CFl2) ) 
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1025 

1045 
1046 
1U47 
1048 

1050 

1051 

1052 

1071 

1073 

1054 
1080 

CF(5)=0.2 
CF16)=EC2 
GOTOIOSJ 
SUBROUTIN 
AOl1)=3S. 
A21 1) = 335 
A411)=265 
A6ll)=3« 
A012)=157 
A2(2)=570 
A412)=322 
A612)=4J 
A013)=21. 
A213)=352 
A4(3)=3C2 
A6(3)=42. 
A0(4)=449 
A2(4)=lll 
A4(4)=482 
A6(4) = 48. 
REC=1.0/£ 
0010471=1 
QPl I )=Rr-C 
CFl1)=QP( 
CF(2)=QPl 
CF13)=0.5 
CF14)=0.5 
CF15)=0.2 
CF(6)=ED2 
G0T01050 
OUTPUT OF 
WRITEOUTP 
CALCULATI 
WllI£)=CS 
1+16.•CF(6 
2+CR17,IR) 
W15(IE)=C 
1+(6.«CF(6 
2+CR(8,IR) 
WRK IE, IR 
WR15(IE,I 
ROUTING A 
IE=IE+1 
IF(40-IE) 
WRITEOUTP 
1W151IE),I 
IR=IR+1 
IFINR-IR) 
Wl, W15 F 
DC1073IE= 
E=ETAl IE) 
W1(IE)=CS 
l+0.25»CRl 
W151I£)=C 

l+0.25«CRl 
W R K IE, IR 
WR151IE,I 
WRITEOUTP 
IR=IR+1 
IF(NR-IR) 
CCNTINUE 
FORMATl 12 

5»£D2» 
•(CF(2 

E FOR 
102495 
.67732 
.18703 
027264 
10542 
23628 
.62491 
021433 
821899 
.01849 
.75786 
242855 
.69032 
4.9788 
.48598 
196927 
02 
,4 

•(REC* 
1)/QP( 
3)/QPl 
•£02«l 
• ICFll 
5»ED2* 
•ICF(2 

CFIJ) 
UTTAPE 
ON OF 
T8»CR( 
)+2.«C 
•CF14) 
ST8»CR 
)+2.*C 
•CF14) 
)=W1( I 
R)=W15 
NO OUT 

1052,1 
UTTAPE 
E=l,40 

1054,1 
OR RHO 
1,40 

T8«IPI 
7,IR) ) 
ST8»(P 
8, IR)) 
)=W1(I 
R)=W15 
UTTAPE 

(CF(1)-CF(2) ) 
)-CFl3))/6.0 

ARG BETWEEN 1 AND 18 

6 
85 
4 

IREC*A0(I)+A2(I))+A4(I))+A6(I)+EC2 
2) 
4) 
1.0-CFd ) ) 
)+CFl2) ) 
(CF11)-CF12) ) 
)-CF(3))/6.0 

6,1 
W F 
9,1 
R(3 
)/D 
(9, 
R14 
)/D 
E) 
I IE 
PUT 

082,ETAlIE),(CF(J),J=1,6) 
OR ALPHA ECUALS 1.0,1.5 
R)»(-2.«CF(2)+2.«CRll,IR)»CFll) 
,IR)«CFl5))/lD»D)+Ckl5,IR)»CF(3)/C 

IR)«(-3.«CF(2)+3.»CR(2,IR)«CF(1) 

,IR)»CF(5))/tD«D)+CR(6,IR)«CF(3)/C 

OF W l , W15 

053,1053 
6,1083, RHO ( I R ) , ( E T A d E ) , W l ( I E ) , 
) 

055,1055 
EQUALS 1.0 

•(CR(1,IR)+0.25»CR(3,IR)»E»E 
+0.5«E«CR(5,IR))»E 
I»(1.5»CR(2,IR)+0.25«CR14,IR)«E«E 
+0.5»E»CRI6,IR))»E 
E) 
I IE) 
6,1084,E,WK I£),W15(IE) 

1054,1055,1055 

/(F12.3)) 
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1081 FORMAT!1H1F8.3) 
' 1 0 8 2 F0RMAT(F8.3 ,6E17.8) 
1083 FORMAT(1H1F8.3/(F8.3,2E20.8)) 
1084 FORMAT(F8.3,2E20.8) 

C INTEGRATION OVER G 
C G(1,ETA),G(1.5,ETA)FR0M PROGRAM 8 
C G(XI) FOR ALPHA EQUALS 1.0 

G(l,l)=.20154125 
Gd,2) = .2U993569 

_ Gd,3) = .21978752 
Gd,4) = .22626457 
Gd,5) = .21693650 
Gd,6) = .18155049 
Gd,7) = .13003021 
G(1,8)=.84137466E-1 
G(1,9)=.52481723E-1 
G(1,10)=.33041545E-1 
G(1,11)=.21327350E-1 
Gll,12)=.14224672E-l 
G(l,13)=.97755832E-2 
G(l,14)=.69195035E-2 
Gd,15)=.50199737E-2 
G(l,16)=.37282833E-2 
Gll,17)=.28227726E-2 
G(l,18)=.21768700E-2 
G(l,19)=.17043766E-2 
G(l,2C)=.13537167E-2 
Gd,21)=.88540018E-3 
G(l,22)=.60372003E-3 
G(l,23)=.42581421E-3 
G(l,24)=.30909523E-3 
G(l,25)=.22985333E-3 
Gd,26)=.17456127E-3 
G(l,27)=.13498336E-3 
G(l,28)=.10606523E-3 
G(l,29)=.84515418E-4 
G(l,30)=.68194988E-4 
G(l,31)=.45863959E-4 
Gd,32)=.31998922E-4 
Gd,33)=.23014008E-4 
G(l,34)=.16982160E-4 
G(l,35)=.12808580E-4 
G(l,36)=.98455451E-5 
G(1.37)=.76940523E-5 
G(l,38)=.61009600E-5 
G(l,39)=.49006505£-5 
G(l,40)=.39822131E-5 

C G(XI) FOR ALPHA EQUALS 1.5 
G(2,1)=.97895779E-1 
G(2,2)=.98713586E-1 
G(2,3)=.10012834 
G(2,4)=.99914737E-1 
G(2,5)=.92933235E-1 
G(2,6)=.75519875E-1 
G(2,7)=.525925C2E-1 
G(2,8)=.33125947E-1 
G(2,9)=.20145591E-1 
G(2,10)=.12380441E-1 
G(2,11)=.78127421E-Z 
G(2,12)=.51004198E-2 
G(2,13)=.34359130E-2 
G(2,14)=.23866579E-2 
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G(2,15)=.17014134fc-2 
G(2,16)=.l2429380E-2 
G(2,17)=.92674737E-3 
G(2,18)=.70445783E-3 
G(2,19)=.54421783E-3 
G(2,20)=.42685848E-3 
G(2,2l)=.27293737E-3 
G(2,22)=.18244641E-3 
G(2,23)=.12646843E-3 
G(2,24)=.90412962E-4 
G(2,25)=.66339907E-4 
G(2,26)=.49789584E-4 
G(2,27)=.38101513E-4 
G(2,2e)=.29663067E-4 
G(2,29)=.23443080E-4 
G(2,30)=.18778225E-4 
G(2,31)=.12473916E-4 
G(2,32)=.86167C22E-5 
G(2,33)=.61473403E-5 
Gl2,34)=.45062138E-5 
Gl2,35)=.33802395E-5 
G(2,36)=.25865050fc-5 
G(2,37)=.20136259E-5 
Gl2,38)=.15915941E-5 
G(2,39)=.12750C54E-5 
G(2,4C)=.10336716E-5 

: MULTIPLY BY WEIGHTING FACTORS 
D0730J=1,2 
DC720IE=1,19,2 

720 G(J,IE)=G(J,IE)/3. 
00721IE=2,18,2 

721 GIJ,IE)=GIJ, IE)/6. 
GIJ,20)=G(J,20)/4. 
0072216=21,29,2 

722 GIJ, IE)=GIJ,I£)/1.5 
D0723IE=22,28,2 

723 GIJ,IE)=G(J, IE)/3. 
G(J,30)=C.5»G(J,3C) 
D0724IE=31,39,2 

724 G(J,IE)=G(J,IE)/.75 
D0725IE=32,38,2 

725 G(J, IE)=G(J,I£)/1.5 
730 G(J,40)=G(J,4C)/3. 

WRITE0UTPUTTAPE6 ,1C85 
1085 FCRMAK13H1PR0GRAM 1 0 A . / 5 6 H RHO, CONTRIBUTION TC TZZ STRESS FROM W 

K E T A , RHO, ALPHA) ) 
O D 1 0 6 0 I R = 1 , N R 
T Z Z 1 = 0 . 0 
T Z Z 1 5 = 0 . 0 
D01061IE=1,40 
TZZ1=TZZ1+G(1,IE)»WR1(IE,IR) 

1061 T2Z15 = TZZ15+Gt2,IE)«WR15dE,IR) 
1060 WRITE0UTPUTTAPE6,1084,RHO(IR),TZZ1,TZZ15 

CALLSYSTEM 
END ( 1 , 1 , 0 , 1 , 0 ) ANL-30 
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C PROGRAM 14. BOUNDARY CONDITION (AND UZ). 
C INTEGRALS OF G(ALPHA, ETA) X J2(ETA, RHC) AND 
Z G(ALPFA, ETA) X W(tTA, RHC) FCR ETA (20, 100, 5) 
C AND S^ALL RHO. 

DIMENSION ETA(17),RHO(15),E3J(17,15),GL(2,17), 
l W G L ( 2 , n ) , C R ( 9 , 1 5 ) , W l ( 1 7 ) , W 1 5 ( 1 7 ) . W f t l ( 1 7 , l S ) , W R l S ( 1 7 , l 5 ) , 
2 A 0 ( 4 ) , A 2 { 4 ) , A 4 ( 4 ) , A 6 ( 4 ) . Q P ( 4 ) . C F ( 6 ) 

INPUT OF RHOS 
REACINPUTTAPE7,68C,NR,(RHC(n, l = l ,N f t ) 

660 FCRMAK I 2 / ( F 1 2 . 3 ) ) 
C STORING OF ETAS 

DC1401IE=1,17 
1401 ETAlIE)=15+5»IE 

C CALCULATICN OF J2(ETA,RH0) 
0C1402IR=1,NR 
R=RH0(IR) 
WRITECUTPLTTAPE6,683,R 

683 FCRMAT(1H1F8.3) 
CRT=.63661977/SQRTF(R) 
R2 = R»R 
R3=R«R2 
R4=R2«R2 
F12=((R-l.)/R2)«(-3.6328125«R+.8203125) 
F14=((R-1.1/R4)»(-.75942993»R3-4.0278625»R2 

X-1.04 7 8 21C»R-.31723022) 
F16=((R-1.)/(R2»R4) ) «(1.70759C8»R2«R3 + 3.41766»R4 

X + 4.04C6299«R3 + 3.5044026»R"2 + 2. 3519647 •R+l. 1276543) 
F21=(2.375»R-l.e75)/R 
F 2 3 = ( - l . 7 4 3 1 6 4 l » R 3 + 6 . 8 1 1 5 2 3 4 « R 2 - 1 . 9 4 8 2 4 2 2 ' R 

X - . 3 0 7 6 n i 9 ) / R 2 
F25=(R4«( .91203690»R+1.4239311)+1 .4299393»R3 

X + l . i n 5 1 5 6 » R 2 + . 7 5342178»R + . 51549912 ) / (R2»R3) 
— F 2 7 = ( R 3 » ( - 4 . 2 4 8e404«R4-3.2017329»R3-.74815527«RZ 

X+.23361370»R- .5529 8 4 3 3 ) - 1 . 8 727116»R2 
X - 2 . 6 7 e i 7 9 C « R - 3 . C 8 0 9 1 2 7 ) / ( R 3 « R 4 ) 
0C1403IE=1,17 
E=ETA(IE) 
E2=E»E E4=E2«E2 
RE=R*E 

604 5 N = S I N F ( E « ( R - 1 . ) ) 
CS=COSF(£ i i (R - l . ) ) 
EJ=CRT»(CS»(1 .+ (F12+F14/E2+F16/E4) /E2) 

X + ( S N / E ) » ( F 2 1 + ( F 2 3 + F 2 5 / E 2 + F 2 7 / E 4 ) / E 2 ) ) 
1605 E 3 J ( I E , I R ) = E«F<>EJ 

E 4 J = E » E 3 J ( I E , I R ) 
140 3 WRITECUTPUTTAPE6,1480,E ,EJ ,E3JdE, IR) ,E4J 
1402 CCNTINUE 

P I = 3 . 1 4 1 5 9 2 6 5 
CST6 = .81056947 ^ 

C CR FUNCTIONS FROM PROGRAM 5 
DC503IR=1,NR 
R = RHO( IR) 
CR(9, IR) = 1./SCRTF(R) 
R1=(R-1.)/R 
R2=R1«(R+1.)/R 
R3=R1«(R»R+R+1. )/(R»R) 
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AL1=-1.875»R1 
AL2 = -
AL3 = . 
ALS1=-
ALS2=-
ALS3=-
CR( 1, I 

8203 
0761 
2.37 
3.63 
1.74 
R) = A 

125« 
719« 
5«R1 

R2+3.515625«R1 
R3+1.5380859»R2-5.05 37109»R1 

28125«R2+5.64C625«R1 
31641«R3+8.6279279»R2-4.76 85 547«R1 
Ll+R«(l.-ALSl) 

CR(2,IR)=-0.5+ALl+R»(1.5-ALSl) 
CR(3,IR)=-AL1-1.+R»ALS1 
CR(4, IR)=-ALl-0.5+R»(ALSl-0.5) 
CR(5, IR)=-AL2-AL1 + 4.875«(R-1.)+R»AL52 
CR(6, IR)=-AL2-0.5»ALl-4.625 + R«(ALS2-0.5«ALSl + 5.125) 
CR(7, IR)=-AL3-AL2-4.875«ALl + R<'(ALS3 + 4.875'>ALSl-2.5) 
CR(8, IR) = -AL3-0'.5»AL2-4.625«AL1 + 0.75 + R»(ALS3 

X-C.5«ALS2+5.125»ALS1-1.5) 
503 CCNTINUE 

1R = 1 
1055 WRITE OUTPUT TAPE6,1081 , R H O d R ) 

IF(RHC( IR)-1.)1071,1071,1072 
1072 

1053 

D = RHO( 1R)-1. 
IE = 1 
EC=C«ETA(IE) 
EC2=£C»ED 
SLBRCLTINE FOR FUNCTIONS CF SINE ANC COSINE INTEGRALS, 
FUNCTIONS CI THROUGH C6. 

1004 IF(£0-11.)10Z3,1005,1005 
C SLBROUTINE FOR ARGUMENT GREATER THAN 11 USING 
C ASYMPTOTIC EXPANSIONS 
1005 OCIO 

CFJ = 
CNJ = 

06J=1,6 
1.0 
1.0 

1011 

1012 

1013 

T0T4" 

1015 

1016 
1008 

1009 
1007 

1010 
10C6 

DClC 
XN = N 
GCTC 
XNJ = 
GCTC 
XNJ = 
GOTO 
XNJ = 
^ C T C 
XNJ = 
GCTC 
XNJ = 
GCTO 
XNJ = 
CNJ 
IF(X 
CFJ 
FCNJ 

"GCTC 
CFJ 
CF(J 

07N=1,15 

I 1011,1012,1013,1014.1015,1016),J 
2«N»(2»N-1) 
icoe 
2«N«(2«N+1) 
icoa 
2«(N+1)»(2»N+1) 
icoe 
2«(N+1)»(2N-1) 
1C08 
2.«(XN+1.)»(XN+l.)»(2.»yN+l.)/XN 
100 6 
2.»(XN+1.)»(XN+l.)»(2.»XN+3.)/XN 
CNJ«XNJ/ED2 

NJ-ED2)1009,1010,1010 
CFJ+CNJ 
= CNJ 
1006 
CFJ-0.5»FCNJ 
)=CFJ 

1023 

1024 

1026 

GCTO 
IF(E 
SLBR 
"M = l 
MF=1 
P = EC 
PP = E 
PPP = 
SI = £ 
Q = 0. 

1C50 
0 - 1 . 0 ) 1 0 2 4 , 1 0 2 5 , 1 0 2 5 
OLTINE FOR ARG. BETWEEN 0 AND 1 

C2 
EC2<iEC2 
C « d . 0 - P P / 1 6 . 0 ) 
5 « P P 
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CI=0 .5 7721567+LOGF(ED)+0 .25«PP»( -1 .0+PP/24 .0 ) 
102? bKRUR=1.0E-I5 
1028 OC1029N=2,50 

AN=N 
BN = 2 . C » A N 
CN=2.0«BN 

1030 IF(M)1031,1032,1032 
1032 P=P»PPP/((CN-3.U)«ICN-4.0)«1CN-5.0)«(CN-6.0)1 

TERM=P«(1.0/tCN-3.0)-PP/(((CN-1.0)»»2)«(CN-2.0))) 
IF(A6SF(TERM)-ERROR)1033,1033,1034 
I=SI+TERM 

GCT01C31 
1033 M=-l 
1031 IF(MH)1035,1036,1036 
1036 Q=Q»PPP/((CN-2.0)»(CN-3.0)»(CN-4.0)«(CN-5.0)) 

TERM=-Q»(1.0/(CN-2.0)-PP/((CN-1.0)»CN«»2) ) 
1 F(ABSF(TERM)-EfiROR)1037,1037,1038 

1038 CI=CI+TERM 
GCTC1C35 

1037 Ml«=-1 
1035 IF(M)1040,1029,1029 
1029 CCNTINUE 
1040 S$I=SI-1.57079633 

SNF=SINF(ED) 
CSF=CCSF(ED) 
CF(1)=EC»ISNF«CI-CSF»SSI) 
CF(2)=-ED2»(C5F»CI+SNF»SSI) 
CF(3)=0.5»ED2«(1.0-CF(1)) 
CF(4)=0.S«(CFd)+CF(2)) 
CF(5)=0.2 5»ED2»(CF(1)-CF(2) ) 
CF(6)=EC2»(CF(2)-CF(3))/6.0 
GCT01C50 

C SU6R0LTINE FOR ARG 6ETWEEN 1 AND 18 
1025 A0(l)=38.102495 

A2(l) = 335.67732 
A 4 d ) = 265.187033 
A6(l)=38.027264 
A0(2)=157.105423 
A2(2)=570.236280 
A4(2)=322.624911 
A6(2)=40.021433 
A0(3)=21.621899 
A213)=352.018498 
A4(3)=3C2.757866 
A6(3)=42.242855 
AC(4)=449.690326 
A2(4)=1114.978885 
A4(4)=482.485984 
A6(4)=48.196927 

1045 R£C=1.0/EC2 
1046 DC1047I=1,4 
1047 QP( I)=REC«(REC»(REC»A0(n+A2(I))*A4d))-+A6(I)+EC2 
1048 CF(1)=CP(1)/QP(2) 

CF(2)=QP13)/QP(4) 
CF(3)=0.5»ED2«(1.0-CF(1)) 
CF(4)=0.5«(CF(1)+CF(2)) 
CF(5)=0.25»ED2»(CF(1)-CF(Z) ) 
CF(6)=EC2*(CF(2)-CF(3))/6.0 
GCT01C50 

C OUTPUT CF CF(J) 
1050 HRITECUTPUTTAPE6,1082,ETA(IE).(CFlJ).J=l,6) 

C CALCULATICN OF U FOR ALPHA EQLALS 1.0,1.5 
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W1(IE)=CST8»CR(9,IR)»(-2.«CF(2)+2.«CR(1,1R)«CF(11 
1+(6.»CF(6)+2.»CR(3,IR)»CF(5))/(D»D)+CR(5,IR)«CF(3)/D 
2+CR(7,IR)*CF(4))/D 
W15(IE)=CST8«CR(9,IR)»(-3.»CF(2)+3.«CR(2,IR)»CF(1) 
1+(6.»CF(6)+2.»CR(4,IR)»CF(5))/(D»0)+CR(6,IR)«CF(3)/D 
2+CR(8,IR)»CF(4))/D 
WRll 1E,IR)=W1( IE) , 
WR15( IE,IR)=W15dE) 

C RCUTING AND OUTPUT OF Wl. W15 
1051 IE=IE+1 

IFd7-IE)1052,1053,1053 
1052 WRITEGUTPUTTAPE6,1481,RHQdR),(ETAdE),WRldE,IR), 

1WR15( IE,IR),IE = 1,17) 
IR=IR+1 
IF(NR-IR)1054,1055,1055 
Wl, W15 FOR RFO EQUALS 1.0 

1071 DC1073IE=1,17 
E=ETA(IE) 
WKIE)=CST8»(P1«(CR(1,IR)+0.25»CR(3.IR)»E»E 
1+C.25«CR(7.IR))+0.5«E»CR(5.IR))«E 
H15(I£)=CST8»(PI»(1.5»CR(2,IR)+0.25»CR14,IR)»E«E 
1 + 0.25«CR(B.IR))+0.5»E»CR(6,IR))«E 

WRK I E , I R ) = W l d E ) 
WR15( I £ , I R ) = W 1 5 ( I E ) 

107 3 WRITECUTPUTTAPE6,1482,E,WRldE,IR)tV»R15(IE, IRl 
IR=IR+1 
I F ( N R - I R ) 1 0 5 4 . 1 0 5 5 , 1 0 5 5 

1054 CCNTINUE 
1081 FCRMAK1H1F8.3) 
1082 FCRMAT(F8.3,6E17.8) 

C I N T E G R A T I O N OVER G(ALPHA, ETA), ETA(20, 100) 
C G(XI) FOR ALPHA EQUALS 1.0 

GL(l,l)=.39822131E-5 
GL(l,2)=.16191809E-5 
GLd,3) = .77825388E-6 
GL(l,4)=.41943768E-6 
GL(l,5)=.24570713E-6 
GL(l,6)=.15336414E-6 
GLd,7) = .1006Z709E-6 
GL(l,e)=.68741561E-7 
GLd,9)=.48547497E-7 
GL(l,10)=.3525571CE-7 
GL(l,ll)=.26218130£-7 
GL(l,12) = .19'?00146E-7 
GL(l,13)=.1537586eE-7 
GL(l,14)=.12067421E-7 
GLd,15) = .96028132E-8 
GL(l,16)=.77364523E-8 
GLll,17)=.63023160E-8 
G(XI) FOR ALPHA EQUALS 1.5 
Gll2,l)=.10336716E-5 
GL(2,2)=.41716614E-6 
GLl2,3)=.19976667E-6 
GL(2,4)=.10745263E-6 
GL(2,5)=.6287e519E-7 
GL(2,6)=.39223833E-7 
GL(2,7)=.25727630E-7 
GL(2,e)=.17572396E-7 
GL(2,9)=.12409252E-7 
GL(2,10)=.90115547E-8 
_^1JJ, 11) = . 670159^1 IE-8 
GL(2,12)=.50868314E-8 
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GL(2,13)=.393C5232E-8 
~GV(7,~14 )"= . 3CB4^447E-^ 
GL(2, 15) = .24550185E-8 
GL<2, 16) = .19779795£-8 
TnrriVTTi ir.T5n39^ 2F- S 
MULTIPLY BY WEIGHTING FACTORS 
0C171CJ=1,2 
INTERVAL (20,^XD 
WGL(J,l)=GL(J,l)/0.6 
DCnilI£ = 2,16,2 

-T7m<"GL( J,IE)=Grrj,IE)/0.15 
DC1712IE=3,15,2 

1712 WGLlJ, IE)=GL(J,IE)/0.3 
WG'L ( J , I7T=GLrj,17)/0.6' 

1710 CCNTINUE 
WRITECUTPLTTAPE6,1483 
001404 1R=1,"NR~ 
T2Z1=C.0 
TZZ15=0.0 
UZ1 = 0.0 
UZ15=C.0 
OC1405IE=1,17 
T Z Z T ^ T z r m r G L i T , 1 r r i E 5 j m , I R T T E TA ( I E ) 
TZZ15=TZZ15+WGL(2 , IE )»E3J( IE , IR)«ETA( IE) 
U Z 1 = U Z 1 - W G L ( 1 , I E ) » £ 3 J ( I E , I R ) 

T4C5 ITZIT^UZIS-TTSTWGKZ, IE) • E J j r T E , IRT 
WRITECUTPLTTAPE6,1484,RhO(IR),TZZ1,TZZ15,UZ1,UZ15 

14C4 CCNTINUE 
¥R rrecuTP u TTAPE6,14 a 5 
DC1406IR=1,NR 
TZZ1=C.0 
^T?15^70 
DC1407IE=1,17 
TZZ1 = TZZ1 + WGL(1,IE)«WR1(IE, IR) 

-nrcrnrns^Trzis+wGrTZTTE iswRiJdE, IR) 
WRITECUTPUTTAP£6,1486,RH01IR) ,TZZ1,TZZ15 

14C6 CCNTINUE 
r4eO TCRMfiTTFl2.3,3E20.8)"' 
1481 FCRMAT(lHlFa.3/(F12.3,2E2C.e)) 
1482 FCRMAT(F12.3,2E20.8) 

"T4FrT i CR M A TT l 2FrPirc GR̂AM " 1 4 . / 4 H R FC/50H CONTRIBUTION CF J2 TERM TO T Z Z l . 
1 TZZ15. U Z l . UZ15/13H ETA(2C, 100 ) ) 

1484 FCRMAT(F12.3/4E20.8) 
"14'85~FCR"MATll"2FrPR'CGRAM 1 4 . / 4 H RF0/51H CCNTRIBLTION TO TZZ STRESS FRCM 

1W(ETA. RHC. ALPHA)/13H ETA(20. 100) ) 
1486 FCRMAT(F1Z.3/2E20.8) ^ 

CALLSYSTEM 
END ( 1 , 1 , 0 , 1 , 0 ) ANL-30 
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PROGRAM 11. BOUNDARY CONDITION AND UZ. 
C CALCULATION OF TERMS INVOLVING J2(ETA, RHO) 
C FOR ETA INTERVALS OF 0.01. 
C PARABOLIC INTERP0LATION USED FOR VALUES OF G(ETA). 

0IMENSIONGZ(2),G(2,40),RHO(10),XI2,2000),A 12.40),8 I 2,40), 
ICI 2.40).TZZ(2,10),UZl2,10),CRT I 10),RFI 7,10),TABJ1120), 
2TA6Y(120),TA6SI120),TA6XI120) 
READINPUTTAPE7,680,NR,(RHOII),I=lfNR) 

680 FORMATlI2/(F12.3)) 
D01150IR=1,NR 
R=RHO(IR) 
R2=R»R 
R3=R»R2 
R4=R2»R2 
CRT(IR)=.63661977/SQRTF(R) 
F12=lIR-1.)/R2)«I-3.6328125«R+.820312S) 
F14=lIR-1.)/R4)«I-.75942993»R3-4.0278625»R2 

X-1.0478210»R-.31723022) 
F16=l IR-1.)/IR2 »R4) )«d. 7 0759C8«R2»R3 + 3. 41766«R4 

X+4.0406299»R3+3.5044026»R2+2.3519647»R+1.1276543) 
F21=I2.375»R-1.875)/R 
F23=1-1.7431641«R3+6.8115234»R2-1.9482422»R 

X-.30761719)/R3 
F25=IR4»I.91203690»R+1.4239311)+1.4299393»R3 

X + 1.1175156»R2 + .75342178»R + .515499121/IR2»R3) 
F27=IR3»I-4.2488404»R4-3.201732 9»R3-.74815 527»R2 

X+.2 3361370«R-.5 5298433)-l.8 72 7116»R2 
X-2.6781790»R-3.0809127)/IR3«R4) 
RFIl,IR)=F21 
RFI2,IR)=F1Z 
RFI3.1R) = FZ3 
RFI4,IR)=F14 
RFI5,IR)=F25 
RFI6,1R)=F16 
RFI7,IR)=F27 
TZZIl,IR)=0.0 
TZZI2.IR)=0.0 
UZI1,IR)=0.0 
UZI2,IR)=0.0 

1150 CONTINUE 
C GI1,ETA),G(1.5,ETA)FR0M PROGRAM 8 
C G(XI) FOR ALPHA EQUALS 1.0 

G(l,l) = .20154125 
Gil,2)=.20993569 
Gil,3)=.21978752 
Gil,4)=.22626457 
Gil,5)=.21693650 
Gil.6)=.18155049 
Gil.7)=.13003021 
G(1,8)=.84137466E-1 
G(1,9)=.52481723E-1 
G(1.10)=.33041545E-1 
G(1,11)=.21327350E-1 
G(1,12)=.14224672E-1 
Gll.l3)=.97755fl37F-2 
G d , 14) = .69195035E-2 
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Gd,15)=.50199737F-2 
G(l,16)=.37282833E-2 
Gll,17)=.28227726E-2 
G11.18)=.21768700E-2 
Gll.l9)=.17043766E-2 
Gll,20)=.13537167E-2 
G(1.21)=.86540018E-3 
Gll,22)=.60372003E-3 
G(l,23)=.42581421E-3 
G(1.24)=.30909S23E-3 
Gll,25)=.22985333E-3 
Gll,26)=.17456127E-3 
Gll.271=.13498336E-3 
Gll.26)=.10606523E-3 
G(l,29)=.84515416E-4 
Gd.30)=.661949B8E-4 
G(l,31)=.45863959E-4 
G(l,32)=.31998922E-4 
j; ll.33)=.23014008E-4 
011,34)=.16982160E-4 
Gll,35)=.12808580E-4 
Gd.36)=.9a4SS451E-5 
Gd,37)=.76940523E-6 
G(l,38)=.61009600E-5 
Gd.39)=.49006505E-5 
Gll,40)=.39822131E-5 
G(XI) FOR ALPHA EQUALS 1.5 
G(?.T 1=.97895779E-1 
G(2,2)=.98713586E-1 
GI2,3)=.10012634 
G(2.4)= i95_9 L4Ii7t-J_ 
G(2.5)=.92933235E-1 
G(2,6)=.75519875E-1 
0(2.7)=.62592S02E-1 
G ( 2 , 8 ) = . 3 3 1 2 5 9 4 7 E - 1 
G ( 2 , 9 ) = . 2 0 1 4 5 5 9 1 E - 1 
Gl Zi 1 0 ) = . 1 2 3 8 0 4 4 1 E r l _ 
G I 2 , l l ) = . 7 8 1 2 7 4 2 1 E - 2 
G ( 2 t l 2 ) = . 5 1 0 0 4 1 9 8 E - 2 

Jil2xX3i =.34359J.30£^i2^ 
G I 2 , 1 4 ) = . 2 3 8 6 6 5 7 9 E - 2 
G ( 2 , 1 5 ) = . 1 7 0 1 4 1 3 4 E - 2 

6 i =.174793BQF-2 
G I 2 , 1 7 ) = . 9 2 6 7 4 7 3 7 E - 3 
G ( 2 , 1 8 ) = . 7 0 4 4 5 7 8 3 E - 3 
G(?,191^^3Ai211S3B=3-
G I 2 , 2 0 ) = . 4 2 6 8 5 8 4 8 E - 3 
G I 2 , 2 1 ) = . 2 7 2 9 3 7 3 7 E - 3 

Jii2j^22J = . 18 244641 E^_ 
G I 2 , 2 3 ) = . 1 2 6 4 6 8 4 3 E - 3 
G I 2 , 2 4 ) = . 9 0 4 1 2 9 6 2 E - 4 
G(? ,2S)= .66333g^0J£^-
G ( 2 , 2 6 ) = . 4 9 7 8 9 5 8 4 E - 4 
G ( 2 , 2 7 ) = . 3 8 1 0 1 5 1 3 E - 4 
C ( 7 , ? B ) = . 2 9 6 6 3 0 atrJt 
G I 2 , 2 9 ) = . 2 3 4 4 3 0 8 0 E - 4 
G ( 2 , 3 0 ) = . 1 8 7 7 6 2 2 5 E - 4 
r.(?.311=.12473916E^-4 
G ( Z , 3 2 ) = . 8 6 1 6 7 0 2 2 E - 5 
G ( 2 , 3 3 ) = . 6 1 4 7 3 4 0 3 E - 5 
GL2,341=.4506213BE^5 
G ( 2 , 3 5 ) = . 3 3 8 0 2 3 9 5 E - 5 
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G(2,36)=.2 5_8_6 5 0 50E-5 
G(2,37)=.20136259E-5 
G(2,38)=.15915941E-5 
GI2,39)=.12750054E-5 
GI2,40)=.10336716E-5 
CALCULATION OF INTERPOLATION CONSTANTS. 
GZ(1)=.19634954 
GZI2)=.09817477 
DO1101J=l,2 
INTERVAL_J0,.5J__ 
FO=GZIJ)-2.>GIJ,l)+G(Jf2) 
AIJ,1)=8.»F0 
^J,1)=-4.»FD + 2.«IG( J,2)-GZ(J)) 
C(J,1)=0.5«IFD+GZ(J)-GI J12))tGIJ11) 
001102IE=1,50 
E = 0.01»FLOATFdE) 

1102 XI J , I £ ) = (A IJ ,1 )»E«£ + B I J , 1 ) » E + C ( J , 1 ) ) » I E » » 4 ) 
: INTERVALS 1 . 5 , 1 ) , 1 1 , 1 . 5 ) . 1 1 . 5 . 2 ) 

POl_103K=_3i7i2 
FD=GI J . K - 1 ) - 2 . ' G I J .K )+G(J ,K+1) 
A IJ .K)=8 .«FD 
X2 = 0 . 25_»FLOATFIK) 
6 IJ .K )= -16 .>X2>F0+ '2 .> IG(J tK + l > - G ( J i K - l ) l 
C I J . K ) = 8 . » X 2 » X 2 » F 0 + 2 . » X 2 » ( G ( J f K - l ) - G ( J , K + i n * G I J , K » 
IK=25»K-24 
IKK=25»K+25 
0 0 1 1 0 4 I E = I K . I K K 
£ = 0._01 • FLOAXF d E J 

1104 XI J. IE)=IAIJ,K)*E*E*B( J,K)>E«CUiK))>(E»4l 
1103 CONTINUE 

I \H\ERVALS 12, 2 . 5 ) THROUGH ( 4 . 5 . 5) 
D01105K=9,19,2 
X2=0.25»FLOATFIK) 
F2 = G(J ,K )» IX2»«4 ) 
F 1 = G I J , K - 1 ) » ( ( X 2 - 0 . 2 5 ) » » 4 I 
F 3 = G ( J , K + 1 ) » I 1 X 2 * 0 . 2 5 ) • • 4 1 

_FD=F1-2.»F2+F3 
Al J ,K) = 8.»FD 
B I J , K ) = - 1 6 . » X 2 « F 0 + 2 . » ( F 3 - F 1 ) 

_̂ 0 (J ,K ) = 8. »X2»X2»FD*2.«X2»IF1-F3)*F2 
IK=25»K-24 
lKK=25»K+25 
_D01106IE=IK,IKK 
E=0.01»FLOATFdE) 

1106 XIJ,IE)=E«IA(J,KI»E+6(J,K)I+CIJ,K) 
1105 CONTINUE 

C INTERVALS (5, 6) THROUGH 19, 10) 
DO 1107K=21,29,2 
J<_2 = 0.5«FLOATFIK-10) 
F2=GIJ,K)»IX2»«4) 
F1=GIJ,K-l)«l1X2-0. 5)••4) 
F3=GIJ,K+1)•I IX2 + 0.5)^»4) 
FD=F1-2.»F2+F3 
AIJ,K)=2.»FD 
__B(J,K)=-4.«X2»FD+F3-F1 _ 
CIJ,K)=2.»X2»X2«FD+X2«(F1-F3)+F2 
IK=50»K-549 
_lKK = 50»K-450 * 
001108I£=IK,IKK 
E=0.01«FLOATF(IE) 

ILOB XIJ,IE)=E«|A(J,K)»E + B(J,Kll+C(JUtL 
1107 CONTINUE 
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INTERVALS (10, 121 THROUGH 11R, ?n1 
D01109K=31,39,2 
X2=K-20 
F2=GIJ,K)«1X2»«41 
F1=GIJ,K-11»I1X2-1.0)••4) 
F3 = G( J,K-H)«( (X2 + 1.0)^^4I 
FD=F1-2.«F2+F3 
A(J,K1=0.5«FD 
8IJ.K1=-X2»FD+0.5«(F3-F1) 
C(J.K)=0.5^X2»X2»FD*a.5>X2»(Fl-F31+F2 
IK=100»K-2099 
IKK=100»K-1900 
D 0 1 1 1 0 I E = I K . I ICK _ 
E=0.01»FLOATFdEl 

1110 X IJ .1E1=E» IA IJ ,K1»E+B(J ,K1 I+C(J ,K1 
1109 CONTINUE_ 
1101 CONTINUE 

WRITEOUTPUTTAPE6,1180 
_U8SLFQRMATJ_70_HlKi- INTERPOLATION iONSTANTS FDR INTE 

1 , K ) , J = 1 , 2) 
D01111K=1,39,2 
MRlTLQmPiJ I IA l '^6 jXL61 , IC ,A iL .JU^£^l i ,JLUCI l_dL l *A(2 ,K l .B(2 .K I ,C(2 ,K l 

1181 FORMATl I2 /3E20.8 /3E20.81 
1111 CONTINUE 

DQlil2it=LU_2Jmfl 
E=0.01»FLOATFIIE) 
Z1 = BESJF(E,B. ,1 ,12C,XL0CF(TA6J) 1 
Z2=6£SYFIE.0. .1 .120.XLOCFITABY11 
AJ0=TA6JI11 
AJ1=TABJI21 
AYQ'TABYI11 
AY1=TABY{2) 
AJ2PR=(1 .0 -4 .0 / IE«E11»AJ1+2 .»AJ0 /E 
AY2PR= LLLCL-!A»ilZlEi£iiJLAyi+2. •AYfly£ _ 
D01113IR=1,NR 
R=RHO(IRl 
SE=£tR 
I F I 2 0 . - R E 1604 .605 .605 

605 Z3=BESJFIRE.0. .1 .120.XLOCFITABS)1 
i4=BtSYFIR£.Dj . jJ . . i2&,J iLQCEt IABXl l 
AJR0=TABSI11 
AJR1=TABS(21 
tYilO = T i B X m 
AYR1=TABX(21 
AJ2=2.*AJR1/RE-AJRC 

AY2=2 . • AYRL/&£-AYRi2 
AJ=AY2PR»AJ2-AJ2PR»AY2 
GOT0606 

604 Sfl=SiJf4fJ£»IR-l^U 
CS=C0SFIE»(R-1.1) 
E2=E«E 
t4_=t2»£2_ 
A J = C R T I I R 1 « ( C S » 1 1 . + { R F ( 2 , I R 1 * R F I 4 . I R I / E 2 

1 + R F I 6 , I R 1 / E 4 1 / E 2 ) / E + ( S N / E 2 1 » ( R F ( 1 , I R I 
^ ^2+ l&f L i a i U +RfX5• l&i/E2+RF17.ie.)/£AlJ£Zn 

606 I F ( 1 9 9 9 - I E ) 1 1 1 4 , 1 1 1 5 . 1 1 1 5 
C INTEGRATION USING TRAPEZOIDAL RULE 

ilL5^I2Z (1 ji&J =12Z U i l A l tAJ^^Xll* l £ i 
T Z Z ( 2 , I R 1 = T Z Z ( 2 , I R 1 + A J « X ( 2 , I E 1 
U Z ( 1 , I R ) = U Z I 1 , I R ) + A J » X I 1 , I E ) / E 
UZ_I^,_l iU=lJZ(?.TRltAJ^X(Ztl£XZ£ 
G0T01113 
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1114 TZZIl.IR)=(TZZIl,IR)+AJ»XI1,IE)«0.5)»0.Q1 
TZZT2,IR)=(TZZI2,IR1+AJ*XI2,IE1«0.51«0.01 
UZIl, IR1 = IUZI1,IR1+AJ»XI1,IE1»0.5/E1»0.01 
UZ(2, IR1 = IUZ(2, IRl + AJ»XI2,IE1»0.5/EU0.01 

1113 CONTINUE 
1112 CONTINUE 

WRITL OUTPUT TAPE_6< 1182_ 
1182 FORMAT 14H1RH0/64H CONTRIBUTION OF J2 TERM TO TZZl, TZZ15, UZl, UZl 

15 FOR LARGE RHOl 
DOl116IR=1,NR 
WRITE0UTPUTTAPE6,1183fRHD(IRl,TZZ(l,IRl, 

1TZZI2,IR1,UZI1,IR1,UZ(2,IR) 
_1181_FORMATIF12i3/4E20._81 
1116 CONTINUE 

CALL SYSTEM 
END I 1 , 1 , 0 , 1 , 0 1 ANL-30 
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C PROGRAM 7. STRESSES ON HOLE IN HALF-SPACE 
C FCR VARIOUS ZETAS, ALPHA IS 1, 1.5. 
C " SUM OF PROGAMS 2,3,4, MULTIPLIED BY G AND INTEGRATED. 

DIMENSIONETA(4C),S(40,15,61,T(6),ZE115),V16), 
1TABR166),GI2,40),STRS(6) 
n^PUT OF ZETAS 
READINPUTTAPE7,38C,NZ, IZE( I ) ,1=1,NZ) 

380 FCRMAK I 2 / I F 1 2 . 3 ) ) 
C STORING OF ETAS 

D07C1IE=1,20 
701 ETAl IE )=0 .25»FLOATFdE) 

DC702IE=21,30 
702 E T A l I E ) = - 5 . + 0 . 5 » F L D A T F l I E ) 

DC703IE = 31 ,40 
703 E T A l l E ) = I E - 2 0 

CST=Z.7D1898ZE-2 
CST2=5.4037965E-2 

C rN'TTGRTrnJ^riJVER" GAMMA FROM 0 TO 10 
C IN IT IAL IZATION OF S 

DC70IZ=1,NZ 
D C 7 0 4 I E = 1 , 4 0 
SI I E , I Z , l ) = - 0 . 5 
SI I E , I Z , 2 ) = - 2 . 5 
S H E , IZ" ,31=3.75 
S( I E , I Z , 4 ) = C . 6 2 5 
SI I E , I Z , 5 ) = 6 . « Z E d Z ) 

T M S l i E , I Z , 6 ) = 1 2 . * Z " E d Z ) 
70 CONTINUE 

C ROUTING 
JG = 1 
IG = 1 
G0TO3 

134 IG=IG+2 
1F110C-IG)140,136,3 

140 JG=2 
IG = 2 
G0T03 

136 JG=3 
GCT03 

10 IE=IEtl 
IF140-IE)131,705,705 

131 IZ=IZ+1 
IFINZ-IZ)133,132,132 

133 GCTD( 134,134,13),JG 
C FUNCTIONS OF GAMMA 

3 G=0.1»FLOATFlIG) 
G2=C«G 
Z1=BESKFIG,0.,1,66,XL0CFITABR)) 
AK0=TA8Rl1) 
AK1=TABRI2) 
AK=-I2.+(G2«AK1)/(0»AKO+2.»AK1)) 
AKSQ=AK»AK 
FFG=G2»(G2+8.-2.»AK)+12. 
FFGl=G2+4.-AKS0 
HG=G2-(i:2 + 3. ) »AK 
DELTA2 = -4.«C2 + AK»J6_^»^_+24.-C2»AK-6.»AKSQ_L 
0EL1=FFG1»FFG+0ELTA2 
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DEL15=FFG1«FFC+1.5»D£LTA2 
TZll=-l.+(G2/DELl)»l-G2«lG2+9.)-12.+l2.»G2+3.)»AK 

X+IG2+3.)»AKSO) 
TZ21=02+2^5+IG2/DELI)»lIFFGl-2.»AK)«FFG-4.»HG) 
TZ115 = - l . + (G2/0EL15)«l-G2*lC2 + 9 . ) - 12. + (2.•G2 + 1.5)•AK 

X+(G2+3.)»AKSC) 
TZ215=02-0.5«G+0.75+(G2/DEL15)»l(FFGl-2.»AK)«FFG 

X-6.«HC) 
TC11=-3.«11.+G2»HG/DEL1) 
TC21 = 3.»lG2-0.5»G + 3.25-G2«AK«FFG/OELl) 
TC115 = - 2 . 5 « d . + C2»HG/DEL15) 
TD215=2.5»(G2-G+3.75-G2»AK»FFG/DEL15) 
T T11=-l. + 1.5/G+(G/DELl)«(4.«G2»lG2 + 7.)+48.+AK« 

X ( - G 2 » l & 2 + 4 . ) + 1 2 . ) - A K S 0 » l 4 . » G 2 + 1 2 . ) + ( G 2 - 3 . ) » A K » A K S Q ) 
TT21= -0 .5+2 .Z5 /G+(& /DEL l ) * ( -FFG l»FFG+ l4 . -AKSQ)»HG) 
TT115 = - l . + 3 . 5 / G + l G / j 3 E L J 5 j _ M J . « G 2 » l G 2 + 7 . )+48.+AK« 

X l -G2»lG2 + 4 . ) + i e . ) - A K S O ' U . • 0 2 + 12 . ) + I G 2 - 4 . 5 )'AK^AKSQ ) 
TT215=-0 .5 *0+3 .375 /C+ lC /DEL15 )» ( -FFG l«FFG+ l6 . -1 .5»AKSQ)»HG) 
12 = 1 

132 SN=SINFIG«ZE(IZ)) 
CS=C0SFlG*ZEl IZ) ) 
IE = 1 

70 5 E = E T A l I E ) « £ T A d £ ) / I E T A I I E ) » E T A I I E ) + G 2 ) 
T11)=E*12.»TZ11+E«TZ21)*CS 
T I2) = E ' (3 .»TZ115 + E«TZ215)»CS 
T13)=E»12.«TD11+E»TD21)«CS 
T14)=E»(3.»TD115+E«TD215)»CS 
T l 5 ) = E ' > l T r i l + 2 . » E * T T 2 n » S N 
T l 6 ) = E » ( 1 . 5 » T T l i 5 + 2 . » E » T T 2 1 5 ) » S N 
G C T 0 1 5 0 , 5 1 , 5 2 ) , J G 
SUMMATIONS 

50 D06CIS=1,6 
60 S H E , I Z , I S ) = S d E , I Z , I S ) + 4 . » I ( IS) 

GOTOIO 
51 D061IS=1,6 
61 S(IE,IZ,IS)=S(IE,IZ,IS)+2.»T(IS) 

GOTOIO 
52 DC62IS=1,6 
62 SIIE,IZ,IS)=CST«ISIIE,IZ,IS)+T11S)) 

GOTOIO 
c 
c 

13 

311 

INTEGRATION OVER 
GAMMA ROUTING 
JG=1 
G = 10. 
GOT0303 
JG = 2 

GAMMA FROM 10 TO 100 

IG = 1 
GCT0312 

315 IG=IG+2 
IF1450-IG)316,319,312 

316 JG=3 
10 = 2 
G0T0312 

319 JG=4 
G0TO312 

C ETA LOOPING 
306 IE=IE+1 

IF(40-IE)3GB,307,307 
C 2ETA LOOPING 

308 12=12+1 
IFINZ-I2)310,309,309 

310 GOTOl311,315,315,322),JG 
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C FUNCTIONS UF GAMMA IN INTEGRANDS 
C X5YMPT0TIC EXPANSIONS 

312 G=1C.+0.2»FLOATFIIG) 
303 G2=G»G 

"G3 = G2«G 
D1=-G2»G3-3.«G2»G2-10.125»G3-6.75»C2 
X+5.414062 5*0-16.875+8.7451172/0+84.375/02 
D15=-G2»G3-3.5*G2*G2-11.62 5*G3-8.2 5*G2 
X+5.9765625*0-16.875+12.084961/G+74.53125/G2 
TZ11=14.5*03+12.75*02-21.9375*0+25.3125 
X+29.355469/G-274.21875/G2)/Cl 
TZ21=I-3.75*G2*G2+13.5*03-49.312 5*02 
X+32.34 375»G+160.3125)/D1 

r2115 = (0 .5*G2*G2 + 7". 5*G3 + 1 5 . * G 2 - 1 9 . 6 8 75»G 
X + 2 2 . 5 + 2 7 . 5 9 7 6 5 6 / G - 2 6 2 . 2 6 5 6 3 / G 2 ) / D 1 5 

TZ215=12.4375*G2*G2+25.0 3125*G3-40.8632 81*02 
X+21.708984*0+182.395021/015 
TCll=l4.5*G2*G2+15.75*G3+21.375*02-36.28125*G 
X+63.28125-13.974609/G-329.06Z5/G2)/D1 
TC21=1-3.9375»G2*G2+0.562 5*03-124.83984*G2 
X+156.41016*0+71.257324)201 
TD115=l5.*G2«G2+16.875*03+21.5625*02-31.640625*G 
X+52.7 3437 5-19.995117/G-249.60 93 8/G2)/D15 
TC215=I0.9375*G2*G2-12.6562 5*03-134.70703*02 
X+171.82617*G-5.6030273)/D15 
TT11=(10.125*G3-6.75*02-32.414063*0+61.3 8 2813 
X-74.838867/G-95.185547/G2)/Cl 
TT21=1-0.5625*03-30.9375»G2+3.1992188*0 
X+18.246094-166.09131/G)/D1 
TT115=l6.125*03-27.1875*02-54.539063*G 
X+77.167969-115.44434/6-59.919434/021/015 
TT2i5=I-7.875*03-57.375*02+3.796875*0 
X+11.601563-227.8125/01/015 
CALCULATION OF COMPLETE INTEGRAND INVOLVING ZETA, ETA 

309 SN=SINF(G*ZE(12)1 
CS = COSF(G»ZE( IZJ) ^ 
IE=1 

307 E = ETAIIE)*ETAlI £)/I ETA(IE)*ETAdE)+G2) 
Tll)=£*(2.*TZll+£*TZ21)*CS 
T(2)=E»13.*TZ115+£*TZ2151*CS 
T13)=E*12.*TD11+E*TD21)*CS 
T(4)=E*I3.*TD115+E*TD215)*CS 
T15)=E*ITT11+2.*£*TT21)*SN 
T(6)=E*(1.5*TT115+2.*E»TT215)*SN 
GOTO I 706, 707, 70 8, 709 ),JG 

C SUMMATIONS 
706 D0710IS=1,6 
710 SHE, IZ,IS)=S(I£,IZ,1S)+CST2*T(1S) 

GOT0306 
707 00711IS=1,6 
711 ^ITP, •7.rsi=SlTF.IZ.IS)+4.»CST2«TdS) 

GOT0306 ' 
708 00712IS=1,6 
712 S(IE,IZ,IS)=S(IE,IZ,IS)+2.*CST2*T(IS) 

G0T03C6 
709 D0713IS=1,6 
713SlIE,IZ,IS)=SlIE,IZ,IS)+CST2«TdS) 

GCT0306 
322 DC714IZ=1,NZ 

WRlTE0UTPUTTAPE6,780,ZE(IZ>,(ETA(IE),(SdE,IZ,IS), XIS=1,6),IE=1,40) 
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714 CONTINUE 
780 FORMAT(1H1F7.3/IF8.3,6E17.8)) 

C TERMS IN ETA 
Cl = .63661977 
D0403IZ=1,NZ 
ZT=2EI12) 
WRITE0UTPUTTAPE6,481,ZT 

481 FORMATl1H1F7.31 
00715IE=1,40 
ET=ETAl lEl 
E£Z=C1*EXPFI-ZT*ET1 
Vll)=££Z*(2.*ZT*ET»*4-2.5»ET»ET»ZT+1.5*ET) 
V!2)=EEZ*I2.*ZT*ET*»4-0.75*ET*ET»ZT+5.25«ET) 
V131=EEZ*(3.*ZT*ET*»4-9.75*£T*ET*2T+2.25*ET1 
V(41=EE2»(2.5*ZT*ET**4-9.375*ET*ET*ZT+5.625*ET1 
V(5)=£EZ*(Z.*ZT*ET*«3+4.5*ET«ZT)-1Z.«IC1-EEZ) 
V16)=EE2*13.*ZT*ET**3+6.75*ET*ZT)-Z4.*(C1-EEZ) 
00716IS=1,6 

716 S(lE,lZ,IS)=VlIS) + SdE,IZ,lS) 
WRITE0UTPUTTAPE6,781,ET,IS(IE,IZ,IS),IS=1,6) 

781 F0RMAT(F8.3,6E17.8) 
715 CONTINUE 
403 CONTINUE 

WRITEOUrPUTTAPE6,790 
790 FORMATllHl) 

C INTEGRATION OVER G(ALPHA,ETA) 
C G(1,ETA),G(1.5,ETA1FR0M PROGRAM 
C G U I ) FUR ALPFA EQUALS 1.0 

Gil, 1) = .20154125 
G d , 2 ) = .20993569 
Gil,3) = .21978752 
G d , 4 ) = .22626457 
G d , 5 ) = .21693650 
G11,6 ) = .18155049 
Gil,7)=.13003021 
Gll,81=.84137466E-l 
Gll,9)=.524B1723E-l 
G l l , 1 0 ) = . 3 3 0 4 1 5 4 5 E - l 
G i l , 1 1 I = . 2 1 3 2 7 3 5 0 E - 1 
G l l , 1 2 ) = . 1 4 2 2 4 6 7 2 E - l 
G l l , 1 3 ) = . 9 7 7 5 5 8 3 2 E - 2 
G ( l , 1 4 ) = . 6 9 1 9 5 0 3 5 E - 2 
G ( l , 1 5 ) = . 5 0 1 9 9 7 3 7 E - 2 
G l l , 1 6 ) = . 3 7 2 8 2 8 3 3 E - 2 
G ( l , 1 7 ) = . 2 8 2 2 7 7 2 6 E - 2 
G ( l , 1 8 ) = . 2 1 7 6 B 7 0 0 E - 2 
Gll,19)=.17043766E-2 
Gll,20)=,13537167E-2 
Gll,Zl)=.88540018E-3 
Gil,22 ) = .603720036-3 
Gl l,231=.42581421E-3 
0 I 1,24)=.30909 52 3 E- 3 
0(r,2 5) = .22 9853 33E-3" 
G(l,26)=.17456127E-3 
Gll,J7)_=.13498336E-3 
G(l,2e)=.r0606523E-3 
G(l,29)=.845154186-4 
G(l,30)=.6bl9<.9e8E-4 
G(1,31)=.45863959E-4 
0(1,32)=.319989226-4 
Gl 1,33)=.230140086-4 
Gl1,34)=.169821606-4 
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0 ( 1 , 3 5 ) = . 1 2 8 0 8 5 8 0 E - 4 
G ( l , 3 6 ) = . 9 8 4 5 5 4 5 1 E - 5 
G ( l , 3 7 ) = . 7 6 9 4 0 5 2 3 E - 5 
G l l , 3 8 1 = . 6 1 0 0 9 6 0 0 E - 5 
Gd,39)=.490C6505E-5 
Gll,4C)=.39822131E-5 
GlXl) FOR ALPHA EQUALS 1. 
G(2,1)=.97895779E-1 
G(2,2)=.98713586E-1 
012,3)=.10012834 
G(2,4)=.99914737E-1 
GI2,5)=.92933235E-1 
G12,6)=.75519875E-1 
G(2,7)=.52592502E-1 
G12,8)=.33125947E-1 
G(2,9)=.20145591E-1 
G(2,10)=. 12380441E-1 
G(2,ll)=.78127421E-2 
G(2,12)=.51004198E-2 
G(2,13)=.34359130E-2 
GI2,14)=.23866579E-2 
GI2,15)=.17014134E-2 
G(2,16)=.12429380E-2 
G(2,17)=.92674737E-3 
0(2, 18)=.70445783E-3 
G(2,19)=.54421783E-3 
G(2,20)=.42685848E-3 
G(2,21)=.27293737E-3 
G(2,22)=.18244641E-3 
G(2,23)=.12646843E-3 
GI2,24)=.90412962E-4 
G(2,25)=.66339907E-4 
G(2,26)=.49789584E-4 
G(2,27)=.3B101513E-4 
G(2,28)=.29663067E-4 
Gl2,29)=.23443080E-4 
G(2,30)=.18778225E-4 
GI2,31)=.12473916E-4 
G(2,32)=.86167022E-5 
G(2,33)=.61473403E-5 
GI2,34)=.45062138E-5 
Gl2,35)=.33802395E-5 
Gl2,36)=.25865050E-5 
GI2,37)=.20136259E-5 
GI2,38)=.15915941E-5 
GI2,39)=.12750054E-5 
0(2,40)=.10336716E-5 
MULTIPLY BY WEIGHTING FACTORS 
D0730J = 1,2 
D0720IE=1,19,2 

720 G(J,IE)=G(J,IEl/3. 
D0721IE=2,18,2 

721 G(J,IEl=GIJ,IEl/6. 
G(J,20)=G(J,20)/4. 
D0722IE=21,29,2 

722 G(J,IE)=G(J,IE)/1.5 
D0723IE=22,28,2 

723 G(J,IE1=G(J,I£)/3. 
G(J,301=0.5*01 J,301 
D0724IE=31,39,2 

724 GIJ,IE)=G(J,I£)/.75 
D0725IE=32,38,2 
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725 G(J,IE)=G(J,IE)/1.5 
730 GIJ,40)=GIJ,40)/3. 

WRITE0UTPUTTAPE6,782,IETAII £),GI 1,IE),G(2,IE),IE = l,40) 
782 F0RMAT(F7.3,2£20.8) 

WRIT£OUTPUTTAPE6,790 
D07261Z=1,NZ 
D0727IS=1,6 

727 STRS(IS)=0.0 
00728IE=1,40 
STRSl1)=STRS(1)*G(1,IE)»SII£,12,1) 
STRS12)=STRS12)+G12,IE)*S(IE,IZ,21 
STRS(31=STRSl 31+G(l,IE)*SdE,IZ,3) 
STRS(4)=STRS(4)+G(2,1E)*S(IE,IZ,4) 
STRS(5)=STRSl5)+Gll,IE)*SlIE,IZ,5) 

728 STRS(6)=STRS(6)+G(2,IE)*S(IE,IZ,6) 
726 WRITE0UTPUTTAPE6,783,ZT,(STRS(IS1,1S=1,61 
783 F0RMATIF7.3/6E17.8) 

CALLSYSTEM 
END ( 1 , 1 , ANL-30 
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C PRGGRA!" 3 A . EVALUATION OF STRESS INTEGRALS 
C FCR GAMKA ( 1 0 0 , 2 0 0 0 ) I N STEPS OF 5 . 0 , FOR SMALL ZETAS. 

D I M t N S l l J [ J S l 4 0 , 5 , 6 ) , T 1 6 ) , E T A l 4 i ) , Z E ( 5 ) , 0 1 2 , 4 ' ) . S T K S l b ) 
C IMPUT OF ZfcTAS 

RtADINPUTTAPt7,3bC',NZ,l2ElI),l=l,NZ) 
380 FORMATl I2/(F12.3)) 

C STORING UF OTAS 
DC7C1IH=1,20 

701 ETAl IE)=0.25*FLrjATFl IE) 
UQ702I€=21,30 

7L.2 ETAl Ifcl=-5.+0.5*FL[)ATFl IE) 
DC7C3 1!: = 31,40 

703 ETAlIh)=[E-2C 
CST2=1.35C94912 

C GAMMA ROUTIUG 
JG=1 
0=10 0. 
GCTO30 3 

311 JG=2 
IG=105 
GCT0312 

315 IC=IG+i; 
IF12000-IG1316,319,312 

316 JG=3 
IG=ilO 
0010312 

319 JG=4 
GO CO 3i 2 

C ETA LOOPING 
306 i:-=I£ + l 

IF14L-IE130H,307,307 
C ZETA LOOPING 

30 8 IZ=IZ+1 
IFIN2-IZ1310,309,309 

310 GU101311,315,315,3221,JG 
0 FUNCTICiilS UF GAMMA IN INTLGRANrS 
C ASYMPTOTIC EXPANSIONS 

312 G=IG 
303 G2=G»G 

03=02*0 
Dl=-G2»03-3.*G2»G2-1C.125•&3-6.75*02 

X + 5. 4 14',: 62 5*0-16.875 + 8. 745 il72/C + 64. 3 75/G2 
015=-02•03-3.5*02•02-11.625*03-8.25*02 

X+5.9 765t2 5*G-16.875+12.C8 4961/C+74.5 312 5/G2 
T2 11=14.5*G3+12.7 5»G2-21.9 375«G+2 5.3125 

X+29.355469/0-274.21875/02 1/01 
TZ21=l-3.75*02*02+13.5*03-49.3125*02 

X+32.34375•G+ltJ.3125)/Dl 
12115=I •.5*G2•02+7.5*03+15.*C2-19.687b*G 

X+22.5+2 7.597656/G-262.26563/G2)/015 
T2 2 15 = I 2. 4375»G2»G2 + 25. 03125*03-4.:,. 863281*02 

X+21.7C898 4»G+182.3950Z)/D15 
TCI 1 = 14.5*02*02 + 15.75*03 + ̂ 1.375*02-36.28125«G 

X+ 63. 26 U"D-13. 9746 1920-329. 062 5/02 1/01 
TC21 = I-"). 9575*02*02 + 0. 562 5»C 3-124. 83984*G? 

X+156.41116*0+71.257324)/Di 
n;i 15=1 S.*C,? •02 + 16,b75^G3 + 21.T 6 25»G2-31.64C625^0 
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X+52.734375-19.995117/C-249.60938/G2)/D15 
T0215 = I \ 937b•02*02-12.65D2 5*G3-134.70703*02 

X+171.82 617»G-5.6C3C2 73)/D15 
TTll = ll-.125*03-6.75»G2-32.4140 63«0 + 6i.382813 

X-74.6,38fi67/0-95.1B5 547/G2)/Cl 
TT21=1-0.5625*03-30.9375*02+3.1992188*0 

X+13.24 6094-166.u9131/G)/Ol 
TT115=l6.125«03-27.1875^02-54.539j63*G 

X+77. 16 7-^69-11 5. 444 34/0-59. 9 194 34/02 1/01 5 
TT215=l-7.b75«G3-57.375^G2+3.796875»G 

X+11.60156 3-227.8125/01/015 
OALCULITIDN OF COrfPLtTE INTEGRAND INVOLVING ZETA, ETA 
12 = 1 

309 SN=SINFlG*2ei12)1 
CS = 0USFlO*2El 12 ) ) 
I£ = l 

307 E = ETAl I£l*cTAlIE)/lETAl IE)*ETA(1E)+G2) 
Tll)=E»l2.*rzll+t*T2211*0S 
T(2)=E»l3.«T2115+t*T2215)«0S 
T13)=E^12.*1D11+E*T021)*CS 
Tl4)=h«l3.*TDil5+E*TD215)«CS 
Tl5)=6*lTTll + 2.*E*n21)*SiM 
T l 6 ) = E * l l . 5 » m i 5 + 2.*E*TT215)*SN 
GCTOl 3'.4, 313,317, 32C ) , JO 
SUMKATIONS 
DC:if 5IS = 1,6 
SI IE, I2,I5)=Tl ISI 
CCTQ3U6 
L1C314IS = 1.6 

S H E ,I2,1S1=S( IE, 12, IS)+4.«Tl IS) 
GCTD306 
0031615=1,6 
S l I [ , I 2 , I S l = S l l t , I 2 , I S ) + 2 . * T l I S ) 
0 0 1 0 3 0 6 
D C 3 2 i I S = l , 6 
S l H , I 2 , I S ) = C S T ^ * ( S l I t , I 2 , I S ) t T ( l S ) l 
GCTO 3': 6 
QUI PUT 
0 0 7 1 4 1 2 = 1 , U l 
W R l T t C U T l ' U T T A P f 6 , 7 b C , 2 f l I / ) , U T A l i r ) , l S l i e , 1 2 , I S I , 

X I S = 1 , 6 ) , 1 6 = 1 , 4 0 ) 
714 O C M I N U i -
7 30 F O R M A T l l h l F 7 . 3 / l F 6 . 1 , 6 E 1 7 . B l l 

W R I T t O U I P U T T A P i 6 , 79f 
791 FORMATl I H i l 

I N T E G R A f l C f i CVtR G I A L P H A . E T A ) 
0 ( l , e T a ) , 0 ( 1 . 5 , b T A ) F R U K PkDCRAM 8 
OIXI) FOR ALPHA tCUALS 1.. 
Gll,l)=.2Q154125 
011,2 ) = .209935(,9 
C(l,3)=.219787?2 
01 1,41 = .22626457 
Gl 1,5) = .21693650 
Gil,6) = .18155049 
O 1 1 , 7 ) = . 1 3 J S 3 0 2 1 

Gll,8)=.8',137466E-; 
0 1 1 , 9 ) = . 5 2 4 6 1 7 2 3 E - 1 

011,10 l = . 33.J41b4Dt-l 
Gil,11)=.213273506-1 
Gl 1, 12)=.142246726-1 
Gll,13)=.97755e32E-2 
Gli,14)=.69195'i35f-d 

30 4 
305 

313 
314 

317 
318 

320 
321 

32? 
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G l l , 1 5 ) = . 5 C 1 9 9 7 3 7 E - 2 
G ( i , 1 6 ) = . 3 7 2 8 2 8 3 3 E - 2 
G d , 1 7 ) = . 2 8 2 2 7 7 2 6 E - 2 
G ( l , 1 8 ) = . 2 1 7 6 8 7 0 G t - 2 
0 ( 1 , 1 9 1 = . 1 7 0 4 3 7 6 6 E - 2 
G ( l , 2 0 1 = . 1 3 5 3 7 1 6 7 E - 2 
G l l , 2 1 1 = . 8 8 5 4 0 C i a E - 3 
G(1,221=.60372003E-3 
Gll,231=.425ei421E-3 
Gll,24)=.30909523E-3 
Gll,25)=.22985333E-3 
Gil,26)=.17456127E-3 
Gll,27)=.i3496336E-3 
Gil,281=.106065236-3 
G(l,29)=.84515418E-4 
Gll,30)=.6819498S£-4 
011,31)=.45863959E-4 
Gll,32)=.31998922E-4 
Gll,33)=.23014008C-4 
Gll,34)=.16962160E-4 
Oll,35)=.12808580E-4 
G(l,36)=.98455451E-5 
G(l,37)=.7694C523E-5 
G(l,38)=.61':09600E-5 
G(l,39)=.49C06505E-5 
Gll,40)=.39822131E-5 
GIXI) FOR ALPHA EQUALS 1.5 
Gl2,i)=.97895779E-l 
012,2)=.987135866-1 
012,3)=.10012834 
G(2,4)=.99914737E-1 
GI2,5)=.92933235E-1 
Gl2,61=.75519e75e-1 
G12,71=.52572502E-1 
G(2,ai=.33i25947E-l 
G(2,91=.2C145591fc-l 
G(2,101=.12380441E-1 
012,11l=.78127421£-2 
G(2,i21=.51>-04l98F-2 
Gl2,131=.3435913GE-2 
&(2,141=.23866579E-2 
012 , 151=.17014134E-2 
0 l 2 , 1 6 1 = . 1 2 4 2 9 3 3 C E - 2 
G l2 ,171= .92674737E-3 
G l 2 , 1 8 1 = . 7 0 4 4 5 7 8 3 F - 3 
G l 2 , i 9 1 = . 5 4 4 2 1 7 B 3 E - 3 
G12,201=.426858486-3 
Gl2,21)=.27293737E-3 
G(2,22)=.18244641E-3 
G(2,231=.12646843E-3 
012,24)=.904129626-4 
G(2,25)=.66339907E-4 
G(2,26)=.49789564E-4 
G(2,27l=.351G1513[--4 
G l 2 , 2 8 1 = . 2 9 6 6 3 0 6 7 C - 4 
G(2 ,291= .23443080E-4 
G(2 ,301= .18778225E-4 
0(2,211=.lZ473916fc-4 
G(2,321=.e6167022E-5 
Gl2,33)=.614734d3£-5 
012,34)=.450621386-5 
G(2,35)=.33fij2395E-5 
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Ol2,36)=.i5065C50F-5 
Gt2,37)=.?;i36.".59t-5 
G12,3P)=. 159i59>,lt-S 
012,39)=.127500346-5 
012,40)=.lo336716E-5 
MULTIPLY BY WEIGHTING FACTORS 
OO730J=l,2 
DC7aOI£=l,19,2 

720 OIJ,IE)=0(J,IE)/3. 
DC721It=2,lfl,2 

721 GIJ, IE)=Ol J,IL-)/6. 
GlJ,20)=GlJ,2i:.)/4. 
DC72.:10 = 21,29,2 

722 G(J, 16)=G(J,U)/1.5 
UC723It = 22,2b,.' 

723 G(J,IE)=G(J,IE)/3. 
G(J,3C)=0.5*G(J,3:) 
0072416=31,39,2 

724 OIJ,IF)=G(J,IE)/.75 
DC7251E=32,38,2 

725 GIJ,IE)=0(J,It)/1.5 
730 OIJ ,'.0 )=Gl J,40) /3. 

OC7..fcI2 = l,N2 
DG7?7IS=i,6 

72 7 STRSl IS) = J.O 
007 J 6 It = l,40 
SrRSll)=SrRSll)+Gll,Ic)*SlIE,12,i) 
STKSl2)=STRS(2)+0(2,It)»SllE,I2,2) 
SVRSl31=SlkS(3)+Oll,I6)*5lIl-,12,3) 
S1RSl4)=STKSl4)+0(2,It)*SlIt,I2.4) 
STixSl5)=STRS15)+G(l,I[)»S(It,IZ,5) 

7?8 SIRSl6)=bri<S(6)+Cl2,lt)*SdL,I2,6) 
726 Wr!nt-QUTPUirAP66,7H3,2ElI2),(STRSlIS),IS=l,6) 
783 FORMAT I 67.3/60:7.8) 

O A L L S Y S T L M 

END I 1 , 1 , 0 , 1. , 0 ) ANL-30 
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C PROGRAM 17. STRESSES ON HCLE IN HALF-SPACE. 
C INTEGRALS OF GIALPHA, ETAlXVlbTA, 2tTA, ALPHA) 
C FCR LARGE ETA AND SMALL ZETA 

DIKENS!0NVl36,lL,6),ZLllC),LTAl36),0Ll2,36),STRSl4,6),W0L(2,38) 
Cl=.63661977 
REACINPUrTAPE7,176C,NZ,lZLlI2),IZ=l,N2) 

1 7 8 0 F C R M A K I 2 / ( F 1 2 . 3 ) ) 
C STORING OF ETAS 

D C 1 7 0 1 I E = 1 , 1 7 
1 7 0 1 E T A l I t ) = 1 5 + 5 » I E 

D C 1 7 0 2 I f c = 1 8 , 3 6 
1 7 0 2 E T A l I E ) = l I t - 1 6 ) « 1 0 0 

D C 1 7 0 3 I Z = 1 , N Z 
Z = Z E l I Z ) 
W R l T £ C U T P U r T A P E 6 , 1 7 8 1 , Z 

1 7 8 1 F C R M A K 1 H 1 F 8 . 2 ) 
D C 1 7 0 4 I E = 1 , 3 6 
E = ETA( I t l 
I F l 7 5 . - E * Z 1 1 7 0 3 , 1 7 i . , 6 , 1 7 06 

1706 6 6 Z = C l * i : X P F l - t * 2 1 
V I I E , I Z , 1 1 = E 6 Z * 1 2 . * Z * E * * 4 - 2 . 5 * E * E » 2 + 1 . 5 * E 1 
V d E , I Z , 2 1 = E E Z * ( 2 . » / * E » * 4 - 0 . 7 5 * E * t * Z + 5 . 2 5 * E l 
V I I E , I Z , 3 1 = E c Z * l 3 . « Z * E * * 4 - 9 . 7 5 * E » E * 2 + 2 . 2 5 * E l 
V d E , I Z , 4 1 = E E Z » 1 2 . 5 * Z ^ E * » 4 - 9 . 3 7 5 » £ » E » 2 + 5 . 625»E ) 
V( I E , I 2 , 5 ) = F E Z ^ ( 2 . » 2 ^ E ^ ^ 3 + 4 . 5 . E ^ Z ) - 1 2 . * I C 1 - E E Z 1 
V l I E , I 2 , 6 1 = E t 2 » l 3 . * 2 * E » * 3 + 6 . 7 5 * E * 2 ) - 2 4 . « ( C l - E E 2 ) 
W R I T t C U T P U T T A P E 6 , 1 7 8 2 , E , l V l l E , I Z , I S ) , I S = l , 6 1 

1782 FCRMATlF12.3,6tl7.6) 
1704 CCNTINUE 
1703 CONTINUE ._ 

C INTbGRAlION OVER GIALPHA, ETA), ETA 120,2000) 
C G U I ) FUR ALPHA EQUALS 1.0 

GL(1,1)=.398221316-5 
GUI,2)=. 161918096-5 

778253866-6 
41943768E-6 
2457G713E-6 

.153364146-6 

.10062709E-6 
7 
7 

GLl 1,31 = 
GLll,41= 
GLI1,51= 
GLl 1,61 
GL(1,71 
GL(1,81=.687415616 
GLl1,91=.48547497E 
GLll,101=.35255710t-7 
GLll,lll=.26218130E-7 
GLll,121 = .199001466-7 
GLl1,131=.153758686-7 
GLl1,141=.12067421E-7 
GLd,151 = .96028132E-8 
GLl1,161=.77364523E-8 
GL(l,171=.63023160fc-8 
GLll,lSl=.39379518E-9 
GL(1,19I=.77591538E-10 
GLl1,201=.244690280-10 
GLll,211=.998315696-11 
GLU,22) = .479285e9E-ll 
GLl1,23)=.257420096-11 
GLll,24)=.150377916-11 
GLll,25)=.93149386E-12 
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GL 
GL 
GL 
GL 
GL 
GL 
GL 
GJ. 
GL 
GL 
GL 
Gl 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
GL 
MO 
OC 
IN 
WO 
00 
WG 
DC 

1712 WG 
MG 

; IN 
wo 
DC 
IE 

1713 WO 

1711 

(1,26)= 
(1,27)= 
(1,28)= 
11,29)= 
11,30)= 
(1,31)= 
11,32)= 
d,33) = 
I 1,34) = 
I 1,35) = 
11,36)= 
XI) FOR 
12,1)=. 
12,2)=. 
12,3)=. 
12,4)=. 
12,51=. 
12,61=. 
12,71=. 
12,8)=. 
12,9)=. 
12,101= 
12,111= 
(2,121= 
12,13)= 
12,14)= 
12, 15) = 
12,16)= 
12,17)= 
12,1B)= 
12,19)= 
(2,20)= 
12,21)= 
12,221= 
12,23)= 
12,24)= 
12,25)= 
(2,26)= 
12,27)= 
12,2B)= 
U,29) = 
I2,3u)= 
(2,31) = 
(2,32)= 
(2,33)= 
12,34)= 
12,35)= 
12,36)= 
LTIPLY 
1710J=1 
TERVAL 
LlJ,l ) = 
171116= 
LlJ,IE) 
1712 10= 
LlJ,It) 
LlJ,17) 
TERVAL 
LlJ,18) 
171310= 
6=IE+1 
LlJ,lEt 

.6074 

.4121 

.2890 

.2084 

.1538 

.1159 

.8889 

.6923 

.5466 

.4370 

.3532 
ALPH 
10336 
41716 
19976 
10745 
62878 
39223 
25727 
17572 
12409 
.9011 
.6701 
.5086 
.3930 
.3084 
.2455 
.1977 
.1611 
.100 7 
.1985 
.6261 
.2554 
. 1226 
.6587 
.3840 
.238 
.1554 
.1054 
.7398 
.5334 
.3938 
.2966 
.2271 
.1771 
.1399 
.1116 
.9039 
BY Wt 
,2 

(20, 
GL( J, 
2,16, 
= OLl J 
3,15, 
= GLl J 
= GLl J 
1100, 
= GLl J 
18,24 

01366 
96846 
9563E 
4512E 
76946 
Z451E 
1862E 
1106E 
7366E 
1289E 
3215E 
A EOU 
7166-
614E-
6676-
2836-
5196-
b33E-
630E-
3966-
2526-
5547E 
59416 
8314E 
5232E 
94476 
185L 

97956 
39626 
48846 
46456 
70796 
79556 
55986 
76836 
74736 
85600 
44926 
86726 
49556 
50396 
0 04 8E 
73266 
9168E 
7610c 
04746 
4G47E 
93446 
IGHK 

12 
12 
12 
12 
12 

-12 
13 

-13 
13 
13 
13 

ALS 
5 
6 
6 
6 
7 
7 
7 
7 
7 
-8 
-8 
-8 
-8 
•8 
8 
8 

1.5 

9 
10 
11 

-11 
-11 
12 
12 
12 

-IZ 
12 
13 
13 

-13 
13 
13 

-13 
-13 
-13 
-14 
NO FACTUKS 

100) 
1)/C 
2 
, I6)/l. 
2 
, I 6 ) / C 
,17)/t 
900) 
,17)*10r./3. 
,2 

.6 

'1..15 

.3 
^0.6 

)=0L(J,IF)*4t 0./3. 
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1714 

'1715 

17lV 

1710 

1783 

1718 

1720 

A721 

1722 

1719 

1723 

00171416=19,23,2 
IEE=Ifc + l _ _ . __. _ 
WGLlJ,IbE)=GL(J,IE)»200./3. 
WCLlJ,26)=GL(J,25)*100./3. 
INTERVAL (900, 19CC) __. „ __ 
WGL(J,2 7)=GL(J,2 5)•100./3. 
00171516=26,34,2 
_I,EE = Jl.E + 2 
WGLlJ, ItE)=GL(J,lE)»400./3. 
0C1716IE=27,33,2 
_lEE=lE + 2 _. . _ . -
WGL(J,IEE)=GL(J,IE)*200./3. 
WGL(J,37)=GLlJ,35)*100./3. 
CCNT.INU£. 
DC1717IZ=1,N2 
WRIT£CUTPUTTAPE6,1783,Z£IIZ) 
FCRBATllHlFL2_ta i . -
0 C 1 7 i e j = l , 3 
D C 1 7 1 8 1 S = 1 , 6 

, S T R S ( J , I S l = 0 . a 
D C 1 7 1 9 I S = 1 , 5 , 2 
I S S = I S + 1 
DC172CI6 = 1 . 1 7 _-
S T R S l 1 , IS1 = S T R S ( 1 , 1 S 1 + W G L 1 1 , I £ 1 « V I I E , I Z , I S I 
STRSl 1 , I S S 1 = S T R S 1 1 , I SS 1+WGH 2 , 1 1 1 "V I I 6 , 1 2 , 1 SSI 
0 0 1 7 2 1 1 6 = 1 7 , 2 5 
I E b = I E + l 
STRSl2, IS1 = STRS12,ISl+WGLll,IEE)*V(16,12,IS) 
SJRS ( 2 , . ISS ) =STR_S ( 2 , J S_S ) +WOL ( 2 , I E E ) » V I I 6 , I Z , I S S 1 
D 0 r 7 2 2 I S = 2 5 , 3 5 
I 6 E = I 6 + 2 
S T R S l 3 , I S ) = S T R S I 3 , I S ) + W G L l l , I E E ) * V l I E , I Z , I S ) 
S T R S 1 3 , 1 S S ) = S T R S ( 3 , I S S ) + W G L ( 2 , l E E ) • V ( I E , I Z , I S S ) 
S T R S 1 4 , I S ) = S T R S 1 1 , I S ) + S T R S 1 2 , I S 1 + S T R S 1 3 , I S ) 
S T R S l 4 , I S S l = S T R S l l , I S S l + S l R S l 2 , I S S l + S T k S l 3 , I S S I 
DD1723J=1,4 
WRITbCUTPUTTAPE6,1784,J,ISTRSIJ,IS),1S=1,6) 
REFERS TO INTEGRAL OVER TFE INTERVAL 120, 100) 

1100, 90C) 
(900,1900) 
120, i9oar _ 

C 1 
C 2 REFERS TO INTERVAL 
C 3 REFERS TO INTERVAL 
C 4 REFERS TO.INTERVAL 
1784 FCRMAK I4,6E17.81 
1717 CCNTINUE 

CALLSYSTEM 
END I 1 , 1 , ANL-30 
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